On the Brauer groups of quasilocal fields and the norm groups of their
  finite Galois extensions by Chipchakov, I. D.
ar
X
iv
:0
70
7.
42
45
v6
  [
ma
th.
RA
]  
6 F
eb
 20
09
On the Brauer groups of quasilocal fields and
the norm groups of their finite Galois extensions∗
I.D. Chipchakov∗
Institute of Mathematics and Informatics, Bulgarian Academy of Sciences
Acad. G. Bonchev Str., bl. 8, 1113 Sofia, Bulgaria; chipchak@math.bas.bg
Abstract. This paper shows that divisible abelian torsion groups are realizable as
Brauer groups of quasilocal fields. It describes the isomorphism classes of Brauer groups
of primarily quasilocal fields and solves the analogous problem concerning the reduced
components of the Brauer groups of two basic types of Henselian valued absolutely stable
fields. For a quasilocal field E and a finite separable extension R/E, we find two sufficient
conditions for validity of the norm group equality N(R/E) = N(R0/E), where R0 is the
maximal abelian extension of E in R. This is used for deriving information on the arising
specific relations between Galois groups and norm groups of finite Galois extensions of E.
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1. Introduction and statements of the main results
This paper is devoted to the study of norm groups and Brauer groups of the fields
pointed out in the title, i.e. of fields whose finite extensions are primarily quasilocal
(abbr., PQL). Our main result describes, up-to an isomorphism, the abelian groups that
can be realized as Brauer groups of several basic types of PQL-fields (see Theorem 1.2,
Propositions 2.3 (ii), 3.4 and Section 6). For a quasilocal field E and a finite separable
extension R/E, it gives two sufficient conditions that the norm group N(R/E) coincides
with N(R/E)Ab, the norm group of the maximal abelian extension of E in R (see Theorem
1.1). When the field E is nonreal, this allows us to clarify essential algebraic and topological
aspects of the behaviour of norm groups of finite Galois extensions of E.
The basic notions needed to present this research are the same as those in [7]; the
reader is referred to [18; 21; 27; 31 and 15], for any missing definitions concerning simple
algebras, Brauer groups, field extensions, Galois cohomology and abelian groups. Simple
algebras are supposed to be associative with a unit and finite-dimensional over their centres,
and Galois groups are viewed as profinite with respect to the Krull topology. For a central
simple algebra A over a field E, we write [A] for the similarity class of A in the Brauer
group Br(E). As usual, E∗ denotes the multiplicative group of E, Esep a separable closure
of E, GE = G(Esep/E) is the absolute Galois group of E, CE stands for the character
group of GE , and d(E) is the class of central division E-algebras. For an arbitrary field
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extension Λ/E, Br(Λ/E) is its relative Brauer group, ρE/Λ is the scalar extension map,
Im(E/Λ) is the image of ρE/Λ, and I(Λ/E) is the set of intermediate fields of Λ/E. We
write Gal(E) for the set of finite Galois extensions of E in Esep, and put Ω(E) = {M ∈
Gal(E): G(M/E) ∈ Ab}. Throughout, P is the set of prime numbers and Π(E) consists
of those p ∈ P , for which GE is of nonzero cohomological p-dimension cdp(GE). For each
p ∈ P , E(p) is the maximal p-extension of E in Esep, and Ωp(E) = {Y ∈ Ω(E): Y ⊆ E(p)}.
When Ψ is a nonempty formation of finite groups in the sense of [34], EΨ denotes the
compositum of all fields M ∈ Gal(E) with G(M/E) ∈ Ψ; in view of Galois theory and
the choice of Ψ, EΨ is the union of these M . For a finite extension R of E in Esep,
we put N(R/E)Ψ = N(EΨ ∩ R/E). The formations of abelian, metabelian, nilpotent,
solvable, and of all finite groups are denoted by Ab, Met, Nil, Sol and Fin, respectively. A
class χ ⊆ Fin is called abelian closed, if it is nonempty and closed with respect to taking
subgroups, homomorphic images, finite direct products, and group extensions with abelian
kernels (a series of typical examples of such classes is given in Remark 6.1). We say that
E is formally real, if −1 is not presentable over E as a finite sum of squares; E is called
nonreal, otherwise. The field E is said to be PQL, if every cyclic extension F of E embeds
as an E-subalgebra in each D ∈ d(E) of Schur index ind(D) divisible by the degree [F :E].
We say that E is strictly PQL, if it is PQL and the p-component Br(E)p of Br(E) is
nontrivial, when p runs through the set P (E) of those elements of P , for which E(p) 6= E.
Singled out in the process of characterizing basic types of stable fields with Henselian
valuations (see [7] and the references there), PQL-fields E deserve interest in their own
right because of the arising close relations between the fields in Ω(E), their norm groups
and central simple E-algebras. Firstly, it should be pointed out that strictly PQL-fields
admit one-dimensional local class field theory (abbr. LCFT, see (2.1)) and the converse
holds in all presently known cases (cf. [8, Theorem 1.1, Remark 4.4 and Sect. 3]). Note
also that the field E is strictly quasilocal (SQL), i.e. its finite extensions are strictly PQL,
if and only if they admit LCFT [8, Proposition 3.6]. Secondly, this research is motivated by
the dependence of some of these relations on the structure of Br(E) (see [8, Theorems 1.2
and 1.3]), and therefore, by the problem of describing the isomorphism classes of Brauer
groups over the main kinds of PQL-fields. It is worth adding that the quasilocal property
singles out one of the basic classes of absolutely stable fields (in the sense of Brussel,
see [7, I, Proposition 2.3]), and the structure of Br(F ), for an arbitrary absolutely stable
field F , is of interest for the theory of central simple algebras in general (see [27, Sects.
14.4 and 19.6]). The choice of our main topic is determined by the fact that the groups
N(M/E): M ∈ Gal(E)\Ω(E), reflect more aspects of the specific nature of E than merely
the influence of the PQL-property. Our starting point are the following analogues to the
norm limitation theorem about local fields (see [17, Ch. 6, Theorem 8]):
(1.1) (i) N(R/E) = N(R/E)Ab, provided that R is a finite separable extension of a
field E with LCFT in the sense of Neukirch-Perlis [26], i.e. if the triple (GE , {G(Esep/F ),
F ∈ Fe(E)}, E∗sep) is an Artin-Tate class formation (cf. [2, Ch. XIV]), where Fe(E) is the
set of finite extensions of E in Esep;
(ii) N(R/E) = N(R/E)Ab, if E is PQL and R ⊆ ENil [5].
It is known (cf. [26]) that a field E admits LCFT in the sense of Neukirch-Perlis if and
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only if it is SQL, Br(E) embeds in the quotient group Q/Z of the additive group of rational
numbers by the subgroup of integers, and ρE/F : Br(E) → Br(F ) is surjective, for every
finite extension F of E in Esep. This holds when E has a Henselian discrete valuation with
a quasifinite residue field Ê (see, e.g., [41]). The basis for the present discussion is also
formed by the characterization of the PQL-property in the class of algebraic extensions of
global fields, which yields the following (see [5, Sects. 1 and 2] and the references there):
(1.2) (i) For each G ∈ Fin \ Nil, there exist algebraic extensions E(G) and M(G)
of the field Q of rational numbers, such that E(G) is strictly PQL, M(G) ∈ Gal(E(G)),
G(M(G)/E(G)) ∼= G and N(M(G)/E(G)) 6= N(M(G)/E(G))Ab;
(ii) If E is an algebraic PQL-extension of a global field E0, then Br(E) embeds in Q/Z.
Moreover, if R/E is a finite extension, then N(R/E) = N(Σ/E), for some Σ ∈ Ω(E); when
E is strictly PQL, Σ is uniquely determined by R/E.
The purpose of this paper is to present two main results which shed an additional
light on (1.1) and (1.2), and solve the above-noted problem for Brauer groups of nonreal
PQL-fields. The first result is stated as follows:
Theorem 1.1. Let E be a quasilocal field and R a finite extension of E in Esep. Then
N(R/E) = N(R/E)Ab in the following two cases:
(i) The map ρE/M is surjective, for some M ∈ Gal(E) including R;
(ii) There exists a field Φ(R) ∈ Ω(E), such that N(Φ(R)/E) ⊆ N(R/E).
Theorem 1.1 is deduced in Section 3 from its p-primary analogue stated as Theorem
3.1. This analogue enables us to generalize Theorem 1.1 (i) by proving at the end of Section
3 that N(R/E) = N(R/E)Ab, provided that E is quasilocal and R ∈ I(M/E), for some
M ∈ Gal(E) with ρE/L surjective, where L is the fixed field of the Fitting subgroup of
G(M/E). In this setting, it may occur that ρE/Φ is not surjective, for any Φ ∈ Gal(E)
including R (see the comment preceding Proposition 6.3). Theorem 3.1 has been used in [6]
for describing the norm groups of finite separable extensions of SQL-fields with Henselian
discrete valuations. Like the description of the norm groups of formally real quasilocal
fields, obtained in [9], this yields a generally nonabelian LCFT. Our second main result,
combined with [7, I, Theorem 3.1 (ii) and Lemma 3.5], shows that an abelian torsion group
T is isomorphic to Br(E), for some nonreal PQL-field E, if and only if T is divisible (for
the formally real case, see Propositions 6.4 (i) and 3.4); this specifies observations made
at the end of [37, Sect. 3]. When T is divisible, it states that E can be found among
quasilocal fields so as to solve one of the main inverse problems related to (1.1) and (1.2).
Theorem 1.2. Let E0 be a field, T a divisible abelian torsion group, T0 a subgroup
of Br(E0) embeddable in T , and let χ and χ
′ be subclasses of Fin, such that Nil ⊆ χ ⊆ χ′.
Assume also that any class χ, χ′ is abelian closed unless it equals Nil. Then there exists a
quasilocal and nonreal extension E = E(T ) of E0 with the following properties:
(i) Br(E) ∼= T , E0 is separably closed in E, ρE/E0 maps T0 injectively into Br(E),
and each G ∈ Fin is realizable as a Galois group over E;
(ii) For each finite extension R of E in Eχ, N(R/E) = N(R/E)Ab; moreover, if
χ 6= Nil, then ρE/R is surjective;
(iii) N(M/E) 6= N(M/E)Ab, for every M ∈ Gal(E) with G(M/E) 6∈ χ′;
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(iv) If G ∈ χ′ \χ, then there are M1,M2 ∈ Gal(E), such that G(Mj/E) ∼= G, j = 1, 2,
N(M1/E) = N(M1/E)Ab and N(M2/E) 6= N(M2/E)Ab.
The assertions of Theorem 1.2 (i)-(ii) in the case of T0 = Br(E0), combined with [7, I,
Corollary 8.5] and the behaviour of Schur indices under scalar extensions of finite degrees
(cf. [27, Sect. 13.4]), imply [37, Theorems 3.7÷3.9]. Since n-dimensional F -algebras embed
in the matrix F -algebraMn(F ), for any field F and n ∈ N, these assertions and well-known
properties of tensor products (see [27, Sects. 9.3 and 9.4 ]) also enable one to deduce [37,
Theorem 3.10] from the Skolem-Noether theorem (as in the proof of the double centralizer
theorem, for example, in [27, Sect. 12.7]). Thus the noted part of Theorem 1.2 simplifies
the proofs of [37, Theorems 2.6 and 2.8]. When χ = Fin, it admits a Galois cohomological
interpretation (see Remark 5.4 and [7, I, Theorem 8.1]) and yields the following result:
(1.3) For each divisible abelian torsion group T , there is a quasilocal field E, such
that Br(E) ∼= T , all G ∈ Fin can be realized as Galois groups over E, and N(R/E) =
N(R/E)Ab, for every finite extension R of E in Esep.
When χ = Nil or χ is abelian closed with Nil ⊂ χ 6= Fin, the conclusions of Theorem
1.2 in the special cases of χ′ = χ and χ′ = Fin amount essentially to the following:
(1.4) For each divisible abelian torsion group T , there exist quasilocal fields E1 and
E2 with Br(Ei) ∼= T , i = 1, 2, and such that:
(i) All G ∈ Fin are realizable as Galois groups over E1 and E2, and whenever M1 ∈
Gal(E1), N(M1/E1) = N(M1/E1)Ab if and only if G(M1/E1) ∈ χ.
(ii)N(M2/E2) = N(M2/E2)Ab, provided thatM2 ∈ Gal(E2) and G(M2/E2) ∈ χ. For
each G ∈ Fin\χ, Gal(E2) contains elements M(G)1 and M(G)2 with G(M(G)j/E2) ∼= G,
j = 1, 2, N(M(G)1/E2) = N(M(G)1/E2)Ab and N(M(G)2/E2) 6= N(M(G)2/E2)Ab.
Theorem 1.1 and statements (1.1) (ii), (1.2) (i)-(ii), (1.3) and (1.4) mark the limit
behaviour of norm groups of finite Galois extensions of PQL-fields. By [8, (2.3)], the fields
singled out by (1.3) and (1.4) have no Henselian valuations with indivisible value groups.
Note also that if (F, v) is a Henselian discrete valued SQL-field, then GF is prosolvable of
special type (see Corollary 6.7 and [8, (2.1) and the comments to (2.4) (ii)]). These facts
and the topological interpretation of Theorem 1.2 in Section 6 allow one to appreciate
from an algebraic point of view the Neukirch-Perlis generalization of LCFT, and without
artificial limitations, to incorporate it in the study of quasilocal fields and other areas.
Here is an overview of the paper: Section 2 includes preliminaries needed in the sequel,
such as statements of frequently used projection formulae relating the corestrictions of
Brauer and character groups of an arbitrary finite separable extension. The proofs of
these formulae (and of Proposition 2.8) given in [10] as well as of Propositions 4.1 and 6.8
show that Theorem 1.2 (i)-(ii), applied T0 = Br(E0) and χ = Fin, provides useful tools for
the study of various aspects of Brauer group theory on a unified basis. Theorems 1.1 and
1.2 are proved in Sections 3 and 5, respectively. The technical preparation for the proof of
Theorem 1.2 is made in Section 4 and its results seem to be of independent interest. As
an application of Theorem 1.2, we describe in Section 6 the isomorphism classes of Brauer
groups of formally real PQL and of strictly PQL-fields, and do the same for the reduced
parts of the Brauer groups of two basic types of Henselian valued absolutely stable fields.
4
2. Preliminaries on norm groups, p-quasilocal fields
and corestrictions of Brauer and character groups
(2.1) Let E be a field and Nr(E) the set of norm groups of its finite extensions in
Esep. We say that E admits LCFT, if the mapping pi: Ω(E) → Nr(E), by the rule
pi(F ) = N(F/E): F ∈ Ω(E), is injective, and whenever M1,M2 ∈ Ω(E), N(M1M2/E) =
N(M1/E) ∩ N(M2/E) and N(M1 ∩M2/E) = N(M1/E)N(M2/E) (as usual, M1M2 is
the compositum of M1 and M2). We call E a field with local p-class field theory (local
p-CFT), for some p ∈ P , if the restriction of pi on the set Ωp(E) has the same properties.
The following lemma (proved, e.g., in [5]) implies that a field E admits LCFT if and
only if it admits local p-CFT, for every p ∈ P (E). When E is of this kind, [7, I, Lemma
4.2 (ii)] shows that Br(E)p 6= {0}, p ∈ P (E).
Lemma 2.1. Let E, R and M be fields, such that R ∈ I(M/E), R 6= E, M ∈
Gal(E) and G(M/E) ∈ Nil. Let P (R/E) be the set of prime divisors of [R:E], and
Rp = R∩E(p), for each p ∈ P (R/E). Then R equals the compositum of the fields Rp: p ∈
P (R/E), [R:E] =
∏
p∈P (R/E)[Rp:E], N(R/E) = ∩p∈P (R/E)N(Rp/E) and the quotient
group E∗/N(R/E) is isomorphic to the direct group product
∏
p∈P (R/E)E
∗/N(Rp/E).
Henceforth, Sylp(M/E) denotes the set of Sylow p-subgroups of G(M/E), for any
M ∈ Gal(E), p ∈ P . For the proof of the following lemma, we refer the reader to [7, II].
Lemma 2.2. Let E andM be fields, M ∈ Gal(E) and P (M/E) = {p ∈ P : p|[M :E]}.
Then N(M/E) ⊆ N(M/F ), for every F ∈ I(M/E). Moreover, if Ep is the fixed field of a
group Gp ∈ Sylp(M/E), then N(M/E) = ∩p∈P (M/E)N(M/Ep).
The main results of [7, I] used in the present paper (supplemented by a well-known
result on orderings in Pythagorean fields), can be stated as follows:
Proposition 2.3. Assume that E is a p-quasilocal field, for some p ∈ P (E), R is a
finite extension of E in E(p), and D ∈ d(E) is an algebra of p-primary index. Then:
(i) R is a p-quasilocal field and ind(D) = exp(D).
(ii) Br(R)p is a divisible group unless p = 2, R = E and E is formally real. In the
formally real case, E(2) = E(
√−1), Br(E)2 is of order 2 and Br(E(
√−1))2 = {0}; this
occurs if and only if E is Pythagorean with a unique ordering.
(iii) ρE/R maps Br(E)p surjectively on Br(R)p, i.e. Br(R)p ⊆ Im(E/R).
(iv) R embeds in D as an E-subalgebra if and only if [R:E]|ind(D).
The following lemma provides an easy method of constructing p-quasilocal fields.
Before stating it, recall that a field extension F/F0 is said to be regular, if F0 is separably
closed in F and I(F/F0) contains an element F
′
0, such that F
′
0/F0 is rational (i.e. purely
transcendental) and F/F ′0 is separable. It is known that the tensor product ⊗F0Λi, i ∈ I,
of such extensions is a domain with a fraction field F (I) regular over F0. We call Λ(I)
a tensor compositum of the fields Λi over F0, and write Λ(I) = ⊗˜F0Λi. Recall further
that the class Reg(F0) of regular extensions of F0 contains the function fields of the F0-
varieties (i.e. algebraic varieties defined over F0 and irreducible over F0,sep) considered in
this paper. In what follows, we shall use without an explicit reference the well-known facts
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that F1⊗F0 Λ ∈ Reg(F1) whenever Λ ∈ Reg(F0) and F1 is a finite extension of F0 in F0,sep,
the image of Reg(F1) under the transfer map TrF1/F0 (over F1/F0) is included in Reg(F0),
and the compositions ⊗˜F0 ◦TrF1/F0 and TrF1/F0 ◦ ⊗˜F1 coincide. These are easily obtained
from Galois theory and the definition of TrF1/F0 (see the beginning of [30, Sect. 3]).
Lemma 2.4. Let F0 be a field and p ∈ P . Then there exists a field extension F/F0,
such that F is p-quasilocal, F0 is algebraically closed in F and Br(F/F0) = {0}.
Proof. Using [14, Theorem 1], one constructs F as a union ∪∞i=1Bi = ∪∞i=1B′i of fields
defined inductively as follows:
(2.2) (i) B0 is a rational function field in one indeterminate over F0 and B
′
0 = B0
(since p ∈ P (B0), this implies that Br(B′0)p 6= {0}).
(ii) For each i ∈ N, Bi/B′(i−1) is a rational extension with a transcendence basis (abbr,
tr-basis) {X(ri,ci)} indexed by the Cartesian product Rp,i×Cp,i, where Rp,i is a system of
representatives of the isomorphism classes of algebras in d(B′(i−1)) of index p, and Cp,i is
the set of extensions of B′(i−1) in B
′
(i−1)(p) of degree p.
(iii) For any i ∈ N, let F (ri, ci) be the function field of the Brauer-Severi Bi-variety
canonically associated with the central simple Bi-algebra (ri⊗ B′
(i−1)
Bi) ⊗ ((ci ⊗B′
(i−1)
Bi)/Bi, c˜i, X
−1
(ri,ci)
), for each (ri, ci) ∈ Rp,i × Cp,i, c˜i being a generator of G((ci ⊗B′
(i−1)
Bi)/Bi). Then B
′
i = ⊗˜BiF (ri, ci), (ri, ci) ∈ Rp,i × Cp,i; in particular, B′i ∈ Reg(B′(i−1)).
Throughout this paper, CorF/E denotes the corestriction homomorphism of Br(F ) into
Br(E), and Ker(F/E) stands for the kernel of CorF/E , for any finite separable extension
F/E. The first part of the following statement, complemented by Proposition 3.4, gives
evidence of close relations between CorF/E and quasilocal nonreal fields:
(2.3) (i) E is p-quasilocal if and only if CorR/E maps Br(R)p injectively into Br(E)p
(i.e. Br(R)p ∩Ker(R/E) = {0}), for each finite extension R of E in E(p) [10, (1.1) (i)];
(ii) If E is p-quasilocal and R is a finite extension of E in E(p), then:
(α) E admits local p-CFT, provided that Br(E)p 6= {0} [8, Theorem 3.1]; in particular,
N(R/E) 6= E∗ unless R = E;
(β) N(R/E) = N(R/E)Ab [5, Theorem 3.1];
(γ) N(R/E) = E∗ in case Br(E)p = {0} [7, I, Lemma 4.2].
Statement (2.3) (i), Proposition 3.4 and the noted proofs of (2.3) (ii) help us observe
the possibility to apply Theorem 1.2 (i) and the second assertion of Theorem 1.2 (ii) to
the study of CorF/E . This is demonstrated by the alternative proofs in [10] of two known
projection formulae (see [33, page 205]). We first state a special case of the first projection
formula, which is particularly easy to apply.
Proposition 2.5. Let E, F and M be fields with M ∩F = E, F ⊆ Esep and M cyclic
over E, and let σ˜ be a generator of G(M/E). Then MF/F is cyclic, σ˜ extends uniquely
to an F -automorphism σ of MF , G(MF/F ) = 〈σ〉 and CorF/E maps the similarity class
of the cyclic F -algebra (MF/F, σ, λ) into [(M/E, σ˜, NFE (λ))], for each λ ∈ F ∗.
Let now E be a field and F a finite extension of E in Esep, rE/F the restriction homo-
morphism CE → CF , and corF/E the corestriction map CF → CE . It is known (cf. [18, Ch.
6
7, Corollary 5.3]) that CF is an abelian torsion group and for each p ∈ P , its p-component
can be identified with the character group C(F (p)/F ) of G(F (p)/F ). Recall that for each
χ ∈ CF , the fixed field Lχ of the kernel Ker(χ) is cyclic over F ; we denote by σχ the gener-
ator of G(Lχ/F ) induced by any σ¯χ ∈ GE satisfying the equality χ(σ¯χ) = (1/[Lχ:F ])+Z.
Note that LrE/F (χ) = LχF , σrE/F (χ) is the unique (Lχ∩F )-automorphism of LχF extend-
ing σd(χ), and ρE/(Lχ∩F ) maps Br(Lχ/E) on the set {[(Lχ/(Lχ ∩ F ), σd(χ), c)]: c ∈ E∗},
where d(χ) = [Lχ ∩ F :E]. These observations enable one to deduce from Proposition 2.5
the first projection formula in general (see the proof of [10, (3.1)]):
(2.4) CorF/E([(LχF/F, σrE/F (χ), λ)]) = [(Lχ/E, σχ, N
F
E (λ))], λ ∈ F ∗.
The second projection formula is contained in the following result, which is used for
proving Theorem 3.1:
Proposition 2.6. Let E be a field, F a finite extension of E in Esep, c and χ
elements of E∗ and CF , respectively. Then CorF/E([(Lχ/F, σχ, c)]) = [(Lχ˜/E, σχ˜, c)],
where χ˜ = corF/E(χ). Also, Lχ˜ ⊆M , provided that M ∈ Gal(E) and Lχ ⊆M .
The proof of Proposition 2.6 in [10] is based not only on Theorem 1.2 (i) and the
second part of Theorem 1.2 (ii), applied to T0 = Br(E0) and χ = Fin. It also relies on
Proposition 2.5, statements (2.3) (ii) (α), (β) and the fact (see [7, II, Lemma 2.3]) that if
F is p-quasilocal with a primitive p-th root of unity, for some p ∈ P (F ), then the structure
of C(F (p)/F ) is determined by the group pBr(F ) = {b ∈ Br(F ): pb = 0} and the group
Rp(F ) of roots of unity in F of p-primary degrees, as follows:
(2.5) C(F (p)/F ) is divisible if and only if Br(F )p = {0} or Rp(F ) is infinite. If
Br(F )p 6= {0}, Bp is a basis of pBr(F ) as a vector space over the field Fp with p elements,
and Rp(F ) is of finite order p
µ, then the group pµC(F (p)/F ) is divisible and C(F (p)/F ) is
isomorphic to the direct sum pµC(F (p)/F )⊕R(F (p)/F ), where R(F (p)/F ) is a subgroup
of C(F (p)/F ) presentable as a direct sum of cyclic groups of order pµ, indexed by Bp.
Remark 2.7. Let E be a field and F/E a finite separable extension. Suppose also
that E contains a primitive n-th root of unity, for some n ∈ N, or char(E) = p > 0.
Applying Kummer theory and its analogue obtained by Witt (see [21, Ch. VIII, Sect. 8]
and [18, Ch. 7, 1.9 and 2.9]), one deduces from Proposition 2.6 the projection formula for
symbol F -algebras of indices dividing n, and the one for pµ-symbol F -algebras, µ ∈ N,
contained in [35, Theorem 3.2] and [22, Proposition 3 (i)], respectively.
Let us mention that (2.4) and Propositions 2.5 and 2.6 can also be proved by applying
group-cohomological technique (see [40, Proposition 4.3.7] and [18, Ch. 7, Corollary 5.3]).
Without comparing the approach referred to with the one followed in [10], note that the
latter bears an entirely field-theoretic character both technically and conceptually. As
shown in [10, Sect. 2] and Section 5, our approach also allows us to prove Theorem 1.2 (i)
and the concluding assertion of Theorem 1.2 (ii) together with the following result.
Proposition 2.8. Let F be a field, M/F a finite separable extension, Λ′ a tensor
compositum over M of function fields of Brauer-Severi M -varieties, and Λ is the transfer
of Λ′ over M/F . Then Br(Λ/F ) equals the image of Br(Λ′/M) under CorM/F .
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Proposition 2.8 is a special case of [13, Proposition 2.6] which has been deduced in
[13] from [30, Theorem 3.13] and the description of the relative Brauer groups of function
fields of generalized Brauer-Severi varieties [3]. In view of the relations between quasilocal
nonreal fields and Brauer group corestrictions, and of the preservation of rationality under
transfer (see [30, Lemma 3.2 (a)]), one may expect that Theorem 1.2 can be used for
simplifying the proofs and the presentations of index reduction formulae, for the function
fields of a number of twisted rational varieties like those considered in [30; 24; 23] and [37].
3. p-primary analogue to Theorem 1.1
Let E be a field, R a finite extension of E in Esep, and H(E)
n = {hn: h ∈ H(E)}, for
any subgroup H(E) of E∗ and each n ∈ N. For each p ∈ P , let RAb,p = R ∩ EAb ∩ E(p),
ρp be the greatest divisor of [R:E], and Np(R/E) = {up ∈ E∗: the co-set upN(R/E) is
a p-element of E∗/N(R/E)}. Clearly, E∗ρp ⊆ Np(R/E) and N(R/E)ρpAb ⊆ N(RAb,p/E),
p ∈ P , so Theorem 1.1 can be deduced from the following result (in the case of Ω = Esep):
Theorem 3.1. Let E be a field, Ω a Galois extension of E in Esep, and R a finite
subextension of E in Ω. Assume that finite extensions of E in Ω are p-quasilocal, for some
p ∈ P . Then N(R/E) = N(RAb,p/E) ∩Np(R/E) in the following cases:
(i) There exists M ∈ Gal(E) ∩ I(Ω/E) with R ∈ I(M/E) and Br(M)p ⊆ Im(E/M);
(ii) N(R/E) includes N(Φ(R)/E)∩Np(R/E), for some Φ(R) ∈ Ωp(E) ∩ I(Ω/E).
Proof. The inclusion N(R/E) ⊆ N(RAb,p/E) ∩ Np(R/E) is obvious. We prove the
converse by showing that p 6 |ep, where ep is the exponent of the N(RAb,p/E)/N(R/E).
Theorem 3.1 (ii) is obtained as a special case of the following lemma.
Lemma 3.2. Let E, Ω, R and p satisfy the conditions of Theorem 3.1, and let
M ∈ Gal(E) ∩ I(Ω/E). Then Np(M/E)Np(R/E) = Np(M ∩R/E).
Proof. It is clearly sufficient to show that p does not divide the exponent e of
L∗/N(M/L)N(R/L), where L = M ∩ R. Hence, by the p-quasilocal property of finite
extensions of L, one may assume further that L = E. Let R˜ be the normal closure of R in
Esep over E, H˜p ∈ Sylp(R˜/R), G˜p ∈ Sylp(R˜/E), H˜p ⊆ G˜p and Gp ∈ Sylp(M/E). Denote
by Rp, Φp and Ep the fixed fields of H˜p, G˜p and Gp, respectively. We prove that e|ϕp,
i.e. E∗ϕp ⊆ N(M/E)N(R/E), where ϕp = [Φp:E][Ep:E]; this implies the lemma, since
p 6 |ϕp. Let ξ be a primitive element of R/E. By Galois theory and the equality L = E,
[MR:R] = [M :E], i.e. [M(ξ):M ] = [R:E]. This means that the minimal polynomial of ξ
over E is irreducible overM . Considering Ep, REp andM instead of E, R andM , respec-
tively, and using Lemma 2.2, one reduces our proof to the special case where Ep = E, i.e.
M ⊆ E(p). The choice of Rp guarantees that p 6 |[Rp:R], so it follows from Galois theory,
the equality [M :E] = [MR:R] and the inclusion M ⊆ E(p) that [MRp:Rp] = [M :E] and
Rp∩MF = F , for every F ∈ I(Rp/E). This, applied to the case of F = Φp, enables one to
deduce from (2.3) (ii) (α) and (γ) that N(MΦp/Φp)N(Rp/Φp) = Φ
∗
p. Now the inclusion
E∗ϕp ⊆ N(M/E)N(R/E) becomes obvious, so Lemma 3.2 is proved.
Remark 3.3. Statements (1.2) (i) and (ii) show that the conclusions of Theorem 1.1
(ii) and Lemma 3.2 are not always true, if E is only a PQL-field.
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Our next result characterizes the fields whose finite extensions are p-quasilocal, for a
given p ∈ P . It simplifies the proof of Theorem 3.1 (i) and leads to the idea of constructing
quasilocal nonreal fields and formally real PQL-fields by the method followed in this paper.
Proposition 3.4. Let E be a field and Ω a Galois extension of E in Esep. Then
finite extensions of E in Ω are p-quasilocal, for a given p ∈ P , if and only if one of the
following two conditions is fulfilled:
(c) p > 2 or E is nonreal, and for each pair (M,M ′) ∈ Gal(E)×Gal(E) with M ⊆ Ω
and M ′ ∈ I(M(p)/M), CorM ′/M maps Br(M ′)p injectively into Br(M)p;
(cc) p = 2, E is formally real and its formally real finite extensions in Ω are uniquely
ordered Pythagorean fields; when Ω 6= E, this holds if and only if 2 6∈ P (Ω), G(Ω/E(√−1))
is abelian, cd2(G(Ω/E(
√−1)) = 0 and G(Ω/E) is continuously isomorphic to the semidi-
rect product G(Ω/E(
√−1))×〈σ〉, where σ2 = 1 and στσ = τ−1, for all τ ∈ G(Ω/E(√−1)).
If (cc) is satisfied and Ω = Esep, then N(L/E) = N2(L/E)∩N(L/E)Ab, Br(E) is of
order 2 and Im(E/L) = Br(L)2, for each finite extension L of E in Esep.
Proof. It is clear from (2.3) (i) that if finite extensions of E in Ω are p-quasilocal, then
CorF ′/F maps Br(F
′)p injectively into Br(F )p whenever F ∈ Gal(E), F ⊆ Ω and F ′ is a
finite extension of F in F (p). We first prove that the fulfillment of (c) implies that finite
extensions of E in Ω are p-quasilocal. To begin with, (2.3) (i) and Proposition 2.3 (ii)
guarantee that E is p-quasilocal and Br(E)p is divisible. Observe that both properties are
preserved by eachM ∈ Gal(E),M ⊆ Ω. If p 6∈ P (M), this follows at once from Proposition
2.3 (ii), so we assume further that p ∈ P (M). Denote by F the prime subfield of E, and
by Γp the unique Zp-extension of F in Esep. The divisibility of Br(M)p can be deduced
from Witt’s theorem (see [11, Sect. 15]), if p = char(E), and from the Merkurjev-Suslin
theorem [25, (16.1)] in case p 6= char(E) and Γp ⊆ E. Assuming that Γp 6⊆ E, one obtains
from Galois theory that MΓp/M is a Zp-extension, and for each n ∈ N, Gal(E) contains
the field Mn ∈ I(MΓp/M) of degree [Mn:M ] = pn. Hence, by (c) and the RC-formula,
Mn is a splitting field of each Tn ∈ d(Mn) of exponent dividing pn. This enables one to
deduce the following statements, arguing as in the proof of [7, I, Theorem 3.1]:
(3.1) (i) ind(∆) = exp(∆), for every ∆ ∈ d(M) of p-primary dimension.
(ii) If Br(M)p 6= {0}, then there exists ∆n ∈ d(M) of index pn, for each n ∈ N.
Statement (3.1) the established property ofMn and [27, Sect. 15.1, Corollary b] imply
the divisibility of Br(M)p. Our objective now is to prove that M is p-quasilocal, provided
that p ∈ P (M). Let M˜ be a finite extension ofM inM(p), D a central divisionM -algebra,
such that exp(D) = [M ′:M ] = p. Then it follows from Galois theory that M(p) contains
as a subfield the normal closure M˜ ′ of M˜ over E (in Esep). Since Br(M)p is divisible, one
can find an algebra D˜ ∈ d(M) so as to satisfy the equalities ind(D˜) = pm˜ and pm˜−1˜[D] =
[D], where pm˜ = [M˜ ′:M ]. Hence, by the RC-formula, Cor
M˜ ′/M˜
(ρ
M/M˜ ′
([D˜]) = [D], and
Cor
M˜ ′/M
([D˜]) = 0 = Cor
M˜/M
(ρ
M/M˜
([D]). In view of (c), this means that ρ
M/M˜ ′
([D˜]) = 0
and ρ
M/M˜
([D]) = 0 (in Br(M˜ ′) and Br(M˜), respectively). In other words, D˜ is split by
M˜ ′ and D is split by M˜ , so the p-quasilocal property of M becomes obvious.
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Suppose now that R is an arbitrary finite extension of E in Ω and denote by R1 its
normal closure in Esep over E. By definition, R is p-quasilocal, if p 6∈ P (R) or Br(R)p =
{0}, so we assume that p ∈ P (R) and Br(R)p 6= {0}. Note first that Br(R)p is divisible.
As in the special case where R = R1, one sees that it is sufficient to prove our assertion
under the hypothesis that Γp 6⊆ E. Applying [27, Sect. 15.1, Corollary b], one concludes
that if Br(R)p is not divisible, then Br(RΓp/R) 6= Br(R)p and Br(RΓp)p is infinite and
divisible. As [R1Γp:RΓp] ∈ N, this implies that Br(R1Γp)p 6= {0}. On the other hand, R1
is p-quasilocal and R1Γp/R1 is a Zp-extension, so it follows from [7, I, Theorem 4.1 (iv)]
that Br(R1Γp)p = {0}. The obtained contradiction completes the proof of the divisibility
of Br(R)p, so we return to the assumption that p ∈ P (R) and Br(R)p 6= {0}. Let R′
be an extension of R in R(p) of degree p, R′1 the normal closure of R
′ in Esep over E,
and d1 an element of Br(R
′)p, such that CorR′/R(d1) = 0. Then Br(R′p) is divisible, so
the equation [R′1:R
′]x = d1 has a solution d′1 ∈ Br(R′)p. Hence, by the RC-formula,
CorR′1/R′(d
′
1) = d1. In view of the equality CorR′1/R = CorR′/R ◦ CorR′1/R′ , this means
that ρR′/R′1(d
′
1) ∈ Ker(R′1/R). Thus condition (c) yields ρR/R′1(d1) = 0 and d1 = 0.
The obtained result indicates that CorR′/R maps Br(R
′)p injectively into Br(R)p, so the
assertion that R is p-quasilocal reduces to a consequence of (2.3) (i).
Assume now that E is formally real and p = 2. Note first that it suffices for the proof
of Proposition 3.4 (cc) to show that if Ω 6= E and formally real finite extensions of E in Ω
are 2-quasilocal, then 2 6∈ P (Ω) and Br(Φ)2 = {0}, for each Φ ∈ Gal(E)∩ I(Ω/E), Φ 6= E.
This follows from Becker’s theorem (cf. [4, (3.3)]), [9, Proposition 3.1] and the latter part
of Proposition 2.3 (ii). Observe that every admissible Φ is a nonreal field. Indeed, for each
primitive element ξ of Φ/E and any g ∈ G(Φ/E), the trace TrΦE(ξ − g(ξ)) equals zero.
Therefore, the hypothesis that Φ is formally real requires that (ξ− g(ξ)) 6∈ Φ∗2 ∪ (−1)Φ∗2.
In view of Proposition 2.3 (ii), when g 6= 1, this contradicts the assumption that Φ is
2-quasilocal, so the assertion that Φ is nonreal is proved. Let E2 be the fixed field of
some G2 ∈ Syl2(Φ/E). Then 2 6 |[E2:E], and by the Artin-Schreier theory (cf. [21, Ch.
XI, Proposition 2]), E2 is formally real. Hence, by Proposition 2.3 (ii), Φ = E2(
√−1),
2 6∈ P (Φ) and 2 6 |[Φ:E(√−1)], so Br(Φ)2 = {0} and 2 6∈ P (Ω), which proves (cc).
Henceforth, we assume that Ω = Esep. This ensures that P (E) = {2}, EAb = E(
√−1)
and Br(E) is of order 2 (cf. [4, (3.3)] and [9, Lemma 2.4]). Let L be a finite extension
of E in Esep. By [9, Proposition 3.1], L ∈ Gal(E) if and only if
√−1 ∈ L. When
L ∈ Gal(E), the same result shows that 2 6 |[L:E(√−1)], which yields Br(L)2 = {0} and
N2(L/E(
√−1)) = E(√−1)∗. Since E∗ = E∗2 ∪ (−1)E∗2 and, by Lemma 2.2, N2(L/E) ⊆
N2(L/E(
√−1)), this means that N2(L/E)∩N(L/E)Ab = N2(L/E)2 = N(L/E). Suppose
finally that L 6∈ Gal(E). Then 2 6 |[L:E] and L is formally real, which implies that ρE/L is
an isomorphism and N2(L/E) = N(L/E). These results prove Proposition 3.4.
Theorem 3.1 (ii), Propositions 2.3 (ii)-3.4 and our next statement reduce the proof of
Theorem 3.1 (i) to the case where Br(E)p is divisible and R =M .
Corollary 3.5. Assume that E and M are fields, such that M ∈ Gal(E), Br(E)p
is divisible and I(M/E) consists of p-quasilocal fields, for some p ∈ P . Then Br(L)p is
divisible, for every extension L of E in M , and the following conditions are equivalent:
(i) ρE/M maps Br(E)p surjectively on Br(M)p;
(ii) CorM/E maps Br(M)p injectively into Br(E)p;
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(iii) For each R ∈ I(M/E), Br(R)p ⊆ Im(E/R) and Br(R)p ∩Ker(R/E) = {0}.
Proof. The conclusion that Br(L)p is divisible follows from Proposition 2.3 (i), the
divisibility of Br(E)p and the p-quasilocal property of E and L. For any pair (U, V ) ∈
I(M/E) × I(M/E), such that U ⊆ V , and put Im(U/V )p = Br(V )p ∩ Im(U/V ) and
Ker(V/U)p = Br(V )p ∩ Ker(V/U). Since Br(U)p is divisible, the RC-formula implies
Br(V )p = Im(U/V )p +Ker(V/U)p. This, applied to (E,M), proves that (ii)→(i).
The rest of the proof relies on the well-known fact (see, e.g. [35]) that for each
tower U1 ⊆ U2 ⊆ U3 of finite separable extensions, CorU3/U1 equals the composition
CorU2/U1 ◦ CorU3/U2 . This implies that if M/E satisfies (ii), then so does M/U . At the
same time, it follows from the RC-formula and the divisibility of Br(V )p that Br(V )p is
included in the image of Br(V )p under CorM/V . Considering now the tower U ⊆ V ⊆M ,
one concludes that if condition (ii) holds, then CorV/U maps Br(V )p injectively into Br(U)p.
Let now Ep be the fixed field of some Gp ∈ Sylp(M/E). Then p 6 |[Ep:E], so the
RC-formula and the general properties of Schur indices (cf. [27, Sect. 13.4]) imply that
the sum Br(Ep)p = Im(E/Ep)p + Ker(Ep/E)p is direct. Since ρE/M = ρEp/M ◦ ρE/Ep ,
one also sees that if condition (i) holds, then Br(Ep)p = Im(E/Ep)p + Br(Ep/M). As
Br(Ep)p is divisible and Br(Ep/M) is of exponent dividing [M :Ep], these observations
yield Br(Ep)p = Im(E/Ep)p and Ker(Ep/E)p = {0}. It is now easily obtained from (2.3)
(i), applied to Ep and M , and the equality CorM/E = CorEp/E ◦ CorM/Ep that (i)→(ii).
Returning to the beginning of our proof, one also sees that (i) implies Br(M)p = Im(U/M)p
and Br(V )p ⊆ Im(U/V )p + Br(M/V ). Since Br(V )p is divisible and the exponent of
Br(M/V ) divides [M :V ], this yields Br(V )p = Im(U/V )p, which completes the proof of
the implication (i)→(iii). As (iii) obviously implies (i), Corollary 3.5 is proved.
Now we prove Theorem 3.1 (i) in the case where Br(E)p = {0} and R = M . Let Ep
be the fixed field of a group Gp ∈ Sylp(M/E), and let [Ep:E] = mp. By Corollary 3.5,
Br(Ep)p = {0}, so it follows from (2.3) (ii) (γ) that N(M/Ep) = E∗p . Hence, by the norm
equality NME = N
Ep
E ◦NMEp , N(M/E) = N(Ep/E). As p 6 |mp and E∗mp ⊆ N(Ep/E), this
implies that Np(M/E) ⊆ N(M/E), as claimed. For the proof of Theorem 3.1 (i) in the
case of Br(E)p 6= {0}, we need the following lemmas.
Lemma 3.6. Let E be a field, M ∈ Gal(E), Gp ∈ Sylp(M/E), for some p ∈ P , Ep
the fixed field of Gp, L a cyclic extension of Ep in M , and σ a generator of G(M/E).
Assume that p does not divide the index of the commutator subgroup [G(M/E), G(M/E)]
in G(M/E). Then [(L/Ep, σ, c)] ∈ Ker(Ep/E), for every c ∈ E∗.
Proof. Our assumptions show that M ∩ E(p) = E. Since L = Lχ, for some χ ∈
C(F (p)/F ), this reduces our assertion to a consequence of Proposition 2.6.
Lemma 3.7. With assumptions being as in Theorem 3.1, let M ∩ E(p) = E. Then
E∗ ⊆ N(M/Ep) and Np(R/E) ⊆ N(R/E).
Proof. Clearly, one may consider only the special case of R = M 6= E and Br(E)p 6=
{0}. Take Gp and Ep as in Lemma 3.6 and put mp = [Ep:E]. We show that E∗ ⊆
N(M/Ep). As p 6 |mp, ρE/Ep maps Br(E)p injectively into Br(Ep)p. Therefore, Br(Ep)p 6=
{0} and since Ep is p-quasilocal, (2.3) (ii) (α) and (β) indicate that it is sufficient to prove
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the inclusion E∗ ⊆ N(L/Ep), for an arbitrary cyclic extension L of Ep inM . By [27, Sect.
15.1, Proposition b], this amounts to showing that [(L/Ep, σ, c)] = 0 in Br(Ep), for each
c ∈ E∗, where σ is a generator of G(L/Ep). As g.c.d.(mp, p) = 1 and ρE/Ep maps Br(E)p
surjectively on Br(Ep)p, CorEp/E induces an isomorphism Br(Ep)p
∼= Br(E)p (cf. [35,
Theorem 2.5]). This, combined with Lemma 3.6, implies that [(L/Ep, σ, c)] = 0, c ∈ E∗,
as claimed. Hence, E∗ ⊆ N(M/Ep) and E∗mp ⊆ N(M/E), which proves Lemma 3.7.
Lemma 3.8. In the setting of Theorem 3.1 (i), let M ∈ Gal(E) and G(M/E) ∈ Sol.
Then Np(M/E) ∩N(MAb,p/E) ⊆ N(M/E).
Proof. It is sufficient to prove the lemma under the hypothesis thatN(M ′/E′) includes
Np(M
′/E′) ∩ N(M ′Ab,p/E′), whenever E′ and p satisfy the conditions of Theorem 3.1,
M ′ ∈ Gal(E′), G(M ′/E′) ∈ Sol and [M ′:E′] < [M :E]. As in the proof of [5, Theorem
1.1], we first show that one may assume further that G(M/E) is a Miller-Moreno group (i.e.
nonabelian whose proper subgroups lie in Ab). Our argument relies on the fact that the
class of fields satisfying the conditions of Theorem 3.1 is closed under the formation of finite
extensions. Note that if G(M/E) is not Miller-Moreno, then it has a subgroup H 6∈ Ab
with [H,H] normal in G(M/E). Indeed, one can put H = [G(M/E), G(M/E)] in case
G(M/E) 6∈ Met, and take as H any nonabelian maximal subgroup of G(M/E), otherwise.
Let F and L be the fixed fields of H and [H,H], respectively. It follows from Galois
theory and the choice of H that L ∈ Gal(E), M ∩EAb ⊆ L and E 6= L 6=M , so our extra
assumption and Lemma 2.1 lead to the conclusion that Np(L/E)∩N(MAb,p/E) ⊆ N(L/E)
andNp(M/F )∩N(L/F ) ⊆ N(M/F ). Let now µ be an element ofNp(M/E)∩N(MAb,p/E),
and λ ∈ L∗ be of norm NLE(λ) = µ. Then NLF (λ)k ∈ Np(M/F ), for some k ∈ Z such that
p 6 | k. Therefore, NLF (λ)k ∈ N(M/F ) and µk ∈ N(M/E). As µ ∈ Np(M/E), this
implies that µ ∈ N(M/E), which gives the desired reduction. In view of (2.3) (ii) (β),
Lemma 2.1 and Galois theory, one may assume that G(M/E) is a Miller-Moreno group
and G(M/E) 6∈ Nil. Denote by θ the order of [G(M/E), G(M/E)]. The assertion of the
lemma is obvious, if p 6 | θ, so we suppose further that p|θ. By Miller-Moreno’s classification
of these groups or by Schmidt’s theorem (cf. [29, Theorem 445] and [34, Theorem 26.1]),
G(M/E) has the following properties:
(3.2) [G(M/E), G(M/E)] is a minimal normal subgroup of G(M/E), which lies in
Sylp(M/E)∩Ab and has exponent p. Also, G(M/E)/([G(M/E), G(M/E)]) ∼= Cpin , with
Cpin ⊂ G(M/E) cyclic of order pin, for some pi ∈ P and n ∈ N. The centre of G(M/E)
equals the subgroup of Cpin of order pi
n−1, and θ = pk, where k is the order of p modulo pi.
It follows from (3.2) and Galois theory that [Ep:E] = pi
n, where Ep = M ∩ EAb.
Hence, by Lemma 3.7, E∗ ⊆ N(M/Ep) and E∗pin ⊆ N(M/E). Since NMEp(η) = ηp
k
, for
every η ∈ Ep, we also have N(M/E)p
k
Ab ⊆ N(M/E), so Lemma 3.8 is proved.
It is now easy to complete the proof of Theorem 3.1 (i). PutM0 =M∩ESol, and denote
by µp and mp the maximal divisors of [M0:E] and [M :E], respectively, for which p 6 |µpmp.
Using Corollary 3.5 as well as the inclusion (M ∩ EAb) ⊆ M0, and applying Lemma
3.8 to M0/E and Lemma 3.7 to M/M0, one obtains that N(M/E)
µp
Ab ⊆ N(M0/E) and
M
∗m¯p
0 ⊆ N(M/M0), where m¯p = mp/µp. Hence, by the norm identity NME = NM0E ◦NMM0 ,
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we have N(M/E)
mp
Ab ⊆ N(M0/E)m¯p ⊆ N(M/E), i.e. mp is divisible by the exponent of
N(M/E)Ab/N(M/E), so Theorem 3.1 (i) is proved.
Remark 3.9. Theorem 3.1 (i) plays a role in the proof of the first of the following
two results (see the references in [6, page 384]):
(i) There exists a nonreal SQL-field E, such that GE is not pronilpotent but is
metabelian and every finite extension R of E in Esep is subject to the alternative R ⊆ ENil
or N(R/E) 6= N(Θ/E), Θ ∈ Ω(E).
(ii) Let F be a formally real quasilocal field and Φ a finite extension of F in Fsep. We
have already proved that then GF is metabelian, FNil = F (
√−1), Φ(√−1) ∈ Gal(F ), and
ρF/Φ0 is surjective, for each formally real field Φ0 ∈ I(Φ/F ). Note also that the following
conditions are equivalent: (a) N(Φ/F ) = N(Φ/F )Ab; (b) ρF/Φ(
√−1) is surjective; (c)
cdt(GF ) = 1: t ∈ P \ {2}, t|[Φ:F ]; when F is not SQL, this holds in infinitely many cases
(see [9, Lemma 2.3 and Remark 3.2]). On the contrary, it follows from [9, Theorems 1.1
and 1.2] that if F is SQL, then N(Φ/F ) is uniquely determined by the F -isomorphism
class of Φ; hence, Φ is subject to the alternative in (i) unless F is real closed.
Corollary 3.10. Let E be a quasilocal field, and suppose that M ∈ Gal(E) has
the property that ρE/L is surjective, where L is the fixed field of the Fitting subgroup of
G(M/E). Then N(R/E) = N(R/E)Ab, for each R ∈ I(M/E).
Proof. In view of Theorem 1.1 (i), one may consider the special case where M 6= L.
It is easily seen that the exponent of N(L/E)/N(M/E) divides [M :L]. Observe also
that, by Fitting’s theorem, G(M/L) is normal in G(M/E) and G(M/L) ∈ Nil. Hence, by
Galois theory, the field M ∩ L(p): = Mp lies in Gal(E) ∩ I(L(p)/L), and by Lemma 2.1,
p 6 |[M :Mp], for any p ∈ P , p|[M :L]. This shows that p does not divide the exponents
of N(M/Mp) and N(M/E)/N(Mp/E). At the same time, by Proposition 2.3 (iii), Mp/E
and p satisfy the conditions of Theorem 3.1 (i). Since p 6 |[M :Mp], one deduces from Galois
theory that MAb,p ⊆Mp, so the obtained results imply p does not divide the exponent of
N(M/E)/N(M/E)Ab either. Thus it follows that N(R/E) = N(R/E)Ab, as claimed.
It follows from Corollary 3.5 and Remark 3.9 (ii) that the conditions of Theorem 1.1
(i) guarantee the surjectivity of ρE/R, for all R ∈ I(M/E). This means that Theorem
1.1 (i) is a special case of Corollary 3.10. Remark 3.9 (ii) shows that the conclusion of
Theorem 1.1 (i) is not necessarily true without the assumption that M ∈ Gal(E). We
prove in Section 6 that the scope of Corollary 3.10 is larger than that of Theorem 1.1 (i).
4. On the relative Brauer group of function field extensions
of arbitrary fields, associated with norm equations
The results of this Section form the technical basis for the proof of Theorem 1.2 (iii)
and (iv). The main one is obtained by the method of proving Proposition 2.6, using at
crucial points (2.3) (ii), Theorem 1.1 (i), the regularity and other known properties of
function fields of Brauer-Severi varieties and of their transfers over finite Galois extensions
(see [14, Theorem 1] with its proof). It illustrates the fact that the applications of p-
quasilocal fields to the study of Brauer groups do not restrict to stable fields with Henselian
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valuations (see Section 6) and to the corestriction mapping. In what follows, we use the
abbreviation tr-degree of the transcendency degree of an arbitrary field extension.
Proposition 4.1. Let E and M1, . . . ,Ms be fields, and for j = 1, . . . , s, suppose
that Mj ∈ Gal(E), [Mj:E] = nj, NMj/E = NMj/E(X̂j) is a norm form of Mj/E in an
nj-tuple X̂j = (Xj,1, . . . , Xj,nj ) of algebraically independent variables over E, cj ∈ E∗,
and Λ(Mj/E; cj) is the fraction field of the quotient ring E[X̂j]/(NM/E − cj). Then the
field Λ = ⊗˜sj=1Λ(Mj/E; cj), where ⊗˜ = ⊗˜E , has the following properties:
(i) Λ is regular over E and (M ⊗E Λ)/M is rational of tr-degree
∑s
j=1(nj − 1);
(ii) Br(Λ/E) equals the group Bc(M/E) = 〈[(Lj/E, σLj/E , cj)], j = 1, . . . , s〉, where
Lj runs across the set of cyclic extensions of E in Mj, and σLj/E is a generator of
G(Lj/E). In particular, if cj ∈ N(Mj/E), j = 1, . . . , s, then Br(Λ/E) = {0}.
Proof. (i): For each index j, Mj [X̂j]/(NM/E − cj) is a domain, its fraction field Θj is
rational overMj of tr-degree nj−1, and G(Mj/E) acts on Θj as a group of automorphisms.
Therefore, Θj/Mj is regular and Λ(Mj/E; cj) is the fixed field ofG(Mj/E) in Θj . In view of
[21, Ch. VII, Proposition 20], this implies Θj ∈ Gal(Λ(Mj/E; cj)), G(Θj/Λ(Mj/E; cj)) ∼=
G(Mj/E) and Mj ∩ Λ(Mj/E; cj) = E. It is now clear that Λ(Mj/E; cj)/E is regular and
Θj ∼=E Mj ⊗E Λ(Mj/E; cj), so Proposition 4.1 (i) can easily be proved by induction on s.
(ii) If s ≥ 2, then Λ is E-isomorphic to ⊗˜s−1j=1Λ′j , where ⊗˜ = ⊗˜Λ(Ms/E;cs) and Λ′j =
Λ(Mj/E; cj)⊗EΛ(Ms/E; cs), j = 1, . . . , s−1. Thus our proof reduces to the case of s = 1.
To simplify notation, put M = M1, c = c1, n = n1 and Xu = X1,u, for u = 1, . . . , n.
The extensions of E considered in the rest of our proof are assumed to lie in I(Θ/E),
for some algebraically closed extension Θ of E of countable tr-degree. In what follows,
B = {ξu: u = 1, . . . , n} denotes the basis of M/E with respect to which NM/E is defined,
Y =
∑n
j=1 ξjXj , and f¯ stands for the image in MΛ(M/E; c) of any polynomial f ∈
M [X1, . . . , Xn]. Recall thatMΩ ∈ Gal(Ω) andG(MΩ/Ω) ∼= G(M/E), for any Ω ∈ I(Θ/E)
with Ω ∩M = E. In addition, then I(M/E) is mapped bijectively on I(MΩ/Ω), by the
rule D → DΩ. Moreover, D ∈ Gal(E) if and only if DΩ ∈ Gal(Ω); when this is the case,
one may identify when necessary G(D/D0) with G(DΩ/D0Ω), for any D0 ∈ I(D/E).
Note that the norm map NDΩD0Ω extends N
D
D0
. Let R ∈ I(M/E), [R:E] = r, ψ1, . . . , ψr
the E-embeddings of R into M , and for each index k ≤ r, let ψ˜k be an automorphism of
M extending ψk, and ρk =
∏
σ∈G(M/R)(σψ˜
−1
k )(Y¯ ). It is easily seen that ρ¯1, . . . , ρ¯r−1 are
algebraically independent over R,
∏r
k=1 ρ¯k = c and ρ¯k ∈ RΛ(M/E; c), k = 1, . . . r. Hence,
the above observations and the transitivity of norms in towers of finite extensions lead
to the conclusion that RΛ(M/E; c) is R-isomorphic to ⊗˜R of the fields Λ(M˜/R˜; c) and
Λ(M˜/R˜; ρ¯k), k = 1, . . . , r − 1, where R˜ = R(ρ¯1, . . . , ρ¯r−1) and M˜ = MR˜. This enables us
to complement Proposition 4.1 (ii) as follows:
(4.1) The sum of groups Br(Λ(M˜/R˜; c)/R˜) and Br(Λ(M˜/R˜; ρk)/R˜), k = 1, . . . , r− 1,
is direct and equal to Br(RΛ(M/E; c)/R˜). Also, Br(RΛ(M/E; c)/R) = Br(Λ(M/R; c)/R).
Note that c ∈ N(MΛ(M/E; c)/Λ(M/E; c)), since NMΛ(M/E;c)Λ(M/E;c) extends NME . In view
of [27, Sect. 15.1, Proposition b], this implies that Bc(M/E) ⊆ Br((MΛ(M/E; c))/
Λ(M/E; c)). We prove the converse implication. By [14, Theorem 1], there is B(M/E) ∈
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I(Θ/E) which is E-isomorphic to ⊗˜E of function fields of Brauer-Severi E-varieties, such
that Br(B(M/E)/E) = Bc(M/E). This ensures that E is algebraically closed in B(M/E).
Therefore, considering MB(M/E)/B(M/E) instead of M/E, one obtains that Proposi-
tion 4.1 (ii) will follow, if we show that Br((MΛ(M/E; c))/Λ(M/E; c)) = {0} in case
Bc(M/E) = {0}. Applying Theorem 1.2 (i) and the concluding statement of Theorem 1.2
(ii) as in the proof of Proposition 2.6 in [10] (with E instead of E0), and using Theorem
1.1, one sees further that it suffices to prove the final assertion of Proposition 4.1 (ii).
Suppose first that [M :E] = p, for some p ∈ P . We show that Br(Λ(M/E; c)/E) = {0} by
proving the following statement:
(4.2) If c ∈ N(M/E), then Λ(M/E; c)/E is rational of tr-degree p− 1.
It is sufficient to establish (4.2) in the case of c = 1. Fix a generator σ of G(M/E)
and put Yi =
∑p
i=1 σ
i−1(ξi)Xi. As N
MΛ(M/E;1)
Λ(M/E;1) (Y 1) = 1, Hilbert’s Theorem 90 yields
Y 1 = Zσ(Z)
−1, for some Z ∈ M [X1, . . . , Xp]. Clearly, λZσ(λZ)−1 = Y 1, for each
λ ∈ Λ(M/E; c)∗. Denote by W1(λ), . . . , Wp(λ) the coordinates of λZ in Λ(M/E; 1) with
respect to B. Observe that λ can be fixed so that Wp(λ) ∈ E. Since Y 1, . . . , Y p−1
form a tr-basis of MΛ(M/E; c)/M , the choice of λ guarantees that W1(λ), . . . ,Wp−1(λ)
are algebraically independent over E. Note finally that the equality Y 1 = Zσ(Z)
−1 im-
plies that X¯i ∈ E(W1(λ), . . . ,Wp−1(λ)), for i = 1, . . . p, so it follows that Λ(M/E; c) =
E(W1(λ), . . . ,Wp−1(λ)), proving (4.2).
Assume now that [M :E] = pk, for some p ∈ P (E) and k ∈ N, k ≥ 2. Proceeding by
induction on k and using the fact that finite extensions of E are quasilocal, one obtains
that it suffices to prove Proposition 4.1 (ii) when c ∈ N(M/E), under the hypothesis that
its conclusion holds in general, for every Galois extension Φ/Φ0 of degree p
u < pk, where
u ∈ N. This ensures the validity of (4.1) for M ′0/R0 whenever M ′0 ∈ Gal(E), E ⊆ R0 ⊆
M ′0 ⊆ M and [M ′0:R0] < pk. It is well-known (see e.g. [21, Ch. I, Sect. 6; Ch. VIII])
that Gal(E)∩I(M/E) contains fields R1, . . . , Rk, such that [Rj:E] = pj , j = 1, . . . , k, and
Rj−1 ⊂ Rj, for j ≥ 2. Put Hj = G(M/Rj), yj = (
∏
hj∈Hj hj(Y )), Sj = {τj(yj): τj ∈
G(Rj/E)} and R˜j = Rj(Sj), for j = 1, . . . , k. It is easy to see that G(Rj/E) is an
automorphism group of R˜j whose fixed field, say Nj , is E-isomorphic to Λ(Rj/E; c) and
satisfies the equality Nj(Sj) = R˜j (Sj will be viewed as a standard generating set of R˜j/Rj
in Λ(M/E; c)). To prove that Br(Λ(M/E; c)/E) = {0} we show (setting B0 = Φ0 = E) the
existence of a tower of field extensions T1, B1,Φ1, . . . , Tk−1, Bk−1,Φk−1, Tk of N1 satisfying
the following conditions, for each index j ≥ 1:
(4.3) (i) Tj/Φj−1 is rational of tr-degree pj and contains Nj as a subfield; more
precisely, Tj is a transfer over RjΦj−1 to Φj−1 of a rational function field T ′j = Φj−1(Zj,1),
such that the compositum of Rj and the transfer T
′
j,(j−1) of T
′
j over (RjΦj−1)/(Rj−1Φj−1)
includes the set Sj,(j−1) = {τ ′j(yj), τ ′j ∈ G(Rj/Rj−1), τ ′j 6= 1}. Specifically, the union
{Zj,1} ∪ Sj,(j−1) is a tr-basis of (RjT ′j,(j−1))/(RjΦj−1).
(ii) Bj is an (RjTj)/Tj-transfer of an extension B
′
j of RjTj isomorphic to a tensor
compositum over RjTj of function fields of Brauer-Severi (RjTj)-varieties, and such that
Br(B′j/RjTj) equals the sum Γj of the images of the groups Br(Λ(MR˜j/R˜j; sj)), sj ∈ Sj ,
under ρ
R˜j/(RjTj)
. In particular, Tj is algebraically closed in Bj .
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(iii) Br(Bj/Tj) equals the image of Γj under Cor(RjTj)/Tj , and Γj ∩ Br(Φj−1) = {0}.
(iv) Φj is p-quasilocal, Bj ⊆ Φj , Bj is algebraically closed in Φj and Br(Φj/Bj) = {0}.
The first part of (4.3) (iii) and the second half of (4.3) (ii) are implied by the first part
of (4.3) (ii) and the following lemma.
Lemma 4.2. With assumptions being as in Proposition 2.8, suppose that M ∈
Gal(F ). Then MΛ is ⊗˜M of function fields of Brauer-Severi M -varieties and Λ′ em-
beds canonically in MΛ as an M -subalgebra. Moreover, E is algebraically closed in Λ and
Br(Λ/E) coincides with the images of Br(Λ′/M) and Br(MΛ/M) under CorM/E.
Proof. The assertion about Br(Λ/E) has been deduced from Lemma 2.4 in [10, Sect.
2]. The other conclusions of the lemma follow from its assumptions and Galois theory (see
the beginning of [30, Sect. 3], for more details).
Statement (4.3) (ii) and the properties of cyclic algebras described in [27, Sect. 15.1]
guarantee that Sj ⊂ N(IjBj/RjBj), for every Ij ∈ I(M/Rj) cyclic over Rj . As Bj is
separably closed in Φj , this means that Sj ⊂ N(IjΦj/RjΦj), so it follows from Galois
theory and the p-quasilocal property of Φj (apply (2.3) (ii)) that Sj ⊂ N(MΦj/RjΦj), for
each admissible j. These facts enable one to deduce (4.3) (i) from the following lemma.
Lemma 4.3. Assume that E is a field, R, L and M lie in Gal(E), R ⊂ L ⊆ M ,
[L:R] = p and [M :E] = pk, for some p ∈ P (E), k ∈ N. Suppose also that the inductive
hypothesis holds and fix an element ρ ∈ N(M/R) so that c = NRE (ρ). Then Λ(L/R; ρ) ∈
I(Ω′/R), for a rational extension Ω′ of R satisfying the following conditions:
(i) Ω′ is rational over Λ(L/R; ρ) and has tr-degree p over R; also, Ω′ is the L/R-
transfer of a rational extension Ω1 of L in one indeterminate;
(ii) The L/E-transfer Ω of Ω1 is rational over E of tr-degree [L:E];
(iii) The R-algebra ⊗˜RΛ(L/R; τ(ρ)), where τ runs across G(R/E), is isomorphic to
a field ΛR ∈ I(RΩ/R), such that RΩ/ΛR is rational of tr-degree [R:E].
Proof. It is clearly sufficient to consider the special case where ρ = 1. Identify-
ing G(L/R) with G(LΛ(L/R; 1)/Λ(L/R; 1)), fix a generator σ of G(L/R) and take ele-
ments yi ∈ LΛ(L/R; 1): i = 1, . . . , p, so that
∏p
i=1 yi = 1, {y1, . . . , yp−1} is a tr-basis of
Λ(L/R; 1)/L and yi = σ
i−1(y1), for each index i. Note also that LΛ(L/R; 1) is a sub-
field of a rational function field L′ = L(z1, . . . , zp) with generators subject to the relations
zi/z
−1
i+1 = yi, i = 1, . . . , p − 1. This guarantees the existence of an E-automorphism σ˜ of
L′ extending σ, and such that σ˜(zp) = z1 and σ˜(zi) = zi+1, i < p. Therefore, G(L/R)
can be viewed as a group of automorphisms of L′ whose fixed field Ω′ includes Λ(L/R; 1).
Since, by Hilbert’s Theorem 90, yp = wpσ(wp)
−1, for some wp ∈ LΛ(L/R; 1), it follows
that zp = zwp, for some z ∈ Ω′ transcendental over Λ(M0/E; 1). Thus it becomes clear
that Ω′ = Λ(L/R; 1)(z) and L′ = LΛ(M0/E; 1)(z). Putting Ω1 = L(z1) and applying [30,
Lemmas 3.1 and 3.2], one completes the proof of (i) and (ii). Statement (iii) is implied by
(i), (ii) and the definition of the transfer map.
The latter assertion of (4.3) (iii) follows from the former one and our next lemma.
Lemma 4.4. In the setting of Lemma 4.3, let ΛR be the field ⊗˜τ∈G(R/E)Λ(M/R; τ(ρ)),
where ⊗˜ = ⊗˜R. For each τ ∈ G(R/E), identify Λ(L/R; τ(ρ)) with its canonical R-
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isomorphic copy in Λ(M/R; τ(ρ)), and denote by Sτ(ρ) the standard generating set of
LΛ(L/R; τ(ρ))/L in Λ(M/R; τ). Also, let ΣLΛR be the sum of the images of
Br(Λ(M(Sτ(ρ))/L(Sτ(ρ)); sτ(ρ)) under ρL(Sτ(ρ))/L.ΛR, where τ runs across G(R/E) and, for
each τ , sτ(ρ) runs across Sτ(ρ). Then the image ∆E of ΣLΛR under Cor(LΩ)/Ω ◦ ρLΛR/LΩ
intersects trivially with Br(E).
Proof. The assertion is obvious in the case where E is finite, since then Br(E) = {0},
by Wedderburn’s theorems. Suppose further that E is infinite, denote by ∆L the image
of ΣLΛR under ρ(LΛR)/(LΩ), let G(L/E) = {ϕ1, . . . , ϕl}, ϕ1 = 1, [L:E] = l, and take
a tr-basis Z1, . . . , Zl of LΩ/Ω so that L(Z1) = Ω1 and Zj = ϕj(Z1), for each index j.
Statement (4.1) and the inductive hypothesis on M/E imply that ∆L ⊆ Br(MΩ/LΩ)
and ∆E ⊆ Br(MΩ/Ω). In addition, it follows from Lemma 4.3 (ii) that Br(E) ∩ ∆E ⊆
Br(M/E). Denote by AlL the l-dimensional affine L-space, and for each d ∈ N, let AdL/E =
{(ad1, . . . , adl ): ai ∈ L∗ and ai = ϕi(a1), i = 1, . . . , l}. Observing that L is algebraic over
E(Zd1 , . . . , Z
d
l ), and using (4.1), the infinity of E and the definition of the corestriction
mapping, one proves the following:
(4.4) (i) The sets AlE and A
d
L/E : d ∈ N, are dense in AlL, in the sense of Zariski;
(ii) AlL/E possesses a subset U 6= φ, Zariski-open in AlL and such that each specializa-
tion of (Z1, . . . , Zl) into U induces group homomorphisms piL: (Br(M/L) + ∆L)→ Br(L)
and piE : (Br(M/E)+∆E)→ Br(E) satisfying the equality CorL/E ◦piL = piE ◦Cor(LΩ)/Ω)
and acting as the identity on Br(M/L) and Br(M/E), respectively.
Statement (4.4) (i) and [27, Sect. 15.1, Proposition b] ensure the existence of many
specializations for which ∆L ⊆ Ker(piL). This implies that ∆E ⊆ Ker(piE) and Br(E) ∩
∆E = {0}, so Lemma 4.4 is proved.
We are now in a position to complete the proof of (4.3) and Proposition 4.1. The
existence of B′j satisfying the conditions in the first part of (4.3) (ii) is obtained by ap-
plying [14, Theorem 1]. Statement (4.3) (iv) follows from Lemma 2.4, so (4.3) holds and
Br(Tk/E) = {0}. Since, by (4.3) (i), Nk ∈ I(Tk/E) and Nk is E-isomorphic to Λ(M/E; c),
this proves Proposition 4.1 (ii) in case M ⊆ E(p).
For the proof in general, take Gp and Ep as in Lemma 3.6. By Lemma 2.2,
c ∈ N(M/Ep), so (4.1) and the established special case of our assertion imply that
Br(EpΛ(M/E; c))/Ep) = {0}. It is now easy to see that Br(Λ(M/E; c)/E)∩Br(E)p = {0},
for every p ∈ P (see [27, Sect. 13.4]), which completes the proof of Proposition 4.1 (ii).
Remark 4.5. Propositions 2.6 and 4.1 imply that if E is a field, M ∈ Gal(E)
and R ∈ I(M/E), then CorR/E maps Br(Λ(M/R; c)/R) into Br(Λ(M/E; c)/E), for each
c ∈ E∗. Moreover, it follows from the RC-formula that Br(Λ(M/E; c)/E) equals the image
of Br(Λ(M/R; c)/R) under CorR/E , provided that g.c.d.([R:E], [M :R]) = 1.
Proposition 4.6. Let E be a field, Ω an algebraically closed extension of Esep,
s a positive integer, Σ, Λ and M1,Λ1, . . .Ms,Λs lie in I(Ω/E) so that Λ = Λ1 . . .Λs,
Λ ∩ Σsep = E and Λ ∼= ⊗˜sj=1Λj, where ⊗˜ = ⊗˜E and ∼= is an E-isomorphism. For each j,
assume that Mj ∈ Gal(E), put Σj = Σ ∩M and let Λj/E be of one of the following types:
(i) Λj = Λ(Mj/E; cj), for some cj ∈ E∗;
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(ii) Λj/E is anMj/E transfer of ⊗Mj of function fields of Brauer-SeveriMj-varieties,
such that Br(Λj/Mj) is a submodule of Br(Mj) over the integral group ring Z[G(Mj/E)].
Suppose also that ∆˜j = Br(ΛjΣj/Σj) in case (i), and let ∆˜j be the image of Br(ΛjMj/Mj)
under CorMj/Σj , otherwise. Then E and Σ are algebraically closed in Λ and ΛΣ, respec-
tively, and Br(ΛΣ/Σ) equals the sum of the images ∆j of ∆˜j under ρΣj/Σ, for j = 1, . . . s.
Proof. It is clear from Galois theory and the condition Λ ∩ Σsep = E that if F ∈
I(Σ/E), then F is algebraically closed in ΛF . For the rest of our proof, suppose first that
s = 1. It follows from Galois theory and the definitions of Λ and of the transfer map that
Λ/E and ΛΣ/Σ are of one and the same type relative to M1/E and M1Σ/Σ, respectively.
In addition, if Λ/E is of type (ii), then direct calculations show that the mappings of
Br(M1) into Br(Σ) defined by the rules CorM1Σ/Σ◦ρM1/M1Σ and ρΣ1/Σ◦CorM1/Σ1 coincide.
Applying now Proposition 4.1 and (4.1) in case Λ/E is of type (i), and using Lemma 4.2,
otherwise, one proves that Br(ΛΣ/Σ) = ∆1, as claimed. It remains to be seen that the
concluding assertion of Proposition 4.6 holds in the case of s ≥ 2. Consider the fields Λ,
E˜ = Λ1 . . . Λs−1, Σ˜ = ΣE˜ and MsE˜ instead of Λ, E, Σ and M1, . . . ,Ms, respectively. It
is not difficult to deduce from Galois theory and well-known properties of tensor products
and of function fields of Brauer-Severi varieties (see [27, Sects. 9.2 and 9.4] and the proof
of [14, Theorem 1]) that Br(ΛΣ˜/Σ˜) is determined in accordance with Proposition 4.1, for
s = 1, and equals the image of Br(ΛsΣs/Σs) under ρΣs/Σ˜
. Proceeding now by induction
on s and applying the inductive hypothesis to Br(Σ˜/Σ), we complete our proof.
5. Proof of Theorem 1.2
Let E0 be an arbitrary field. Theorem 1.2 will be proved by constructing E as a
union of a certain tower of fields En: n ∈ N, such that E0 ⊂ E1 and En−1 is algebraically
closed in En, for every index n. It should be emphasized that the proof of Theorem 1.2 (i)
and of the latter part of Theorem 1.2 (ii) in the special case where χ = Fin does not use
Proposition 2.8 in full generality and is independent of Propositions 2.6, 4.1 and 4.6 (i)
(but relies on Lemma 4.2 and Propositions 3.4 (c), 4.6 (ii)). In order to ensure generally
that our construction has the desired properties we also need the following lemmas.
Lemma 5.1. Let E and M be fields, and χ an abelian closed class, such that Nil ⊆ χ,
M ∈ Gal(E), G(M/E) 6∈ χ and G(L/E) ∈ χ, for L ∈ Gal(E) ∩ I(M/E), L 6=M . Then:
(i) G(M/E) is simple or has a unique minimal normal subgroup G0; in the former
case, G(M/E) 6∈ Sol;
(ii) If G(M/E) is not simple, then G0 ∈ Ab if and only if G(M/E) ∈ Sol; in this
case, χ = Nil;
(iii) If G(M/E) ∈ Sol, then G0 ⊆ [G(M/E), G(M/E)] and G0 ∈ Sylp(M/E), for
some p ∈ P not dividing the order of G(M/E)/G0.
Proof. Suppose for a moment that G(M/E) has normal proper subgroups H1 and
H2, such that H1 ∩ H2 = {1}. Then Galois theory and our assumptions ensure that
G(M/E)/Hj ∈ χ, for j = 1, 2. Hence, by the choice of χ, it contains G(M/E)/H1 ×
G(M/E)/H2, and since G(M/E) embeds canonically into G(M/E)/H1 × G(M/E)/H2,
this requires that G(M/E) ∈ χ, a contradiction proving Lemma 5.1 (i). In the rest of
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the proof, we may assume that G(M/E) has a unique minimal normal subgroup G0. It is
well-known that if G(M/E) ∈ Sol, then G0 ∈ Ab and G0 is of exponent p ∈ P . Conversely,
if G0 ∈ Ab, then χ could not be abelian closed (by Galois theory and the assumptions on
M/E), so the conditions on χ guarantee that it equals Nil. Since Sol is closed under the
formation of group extensions, this proves Lemma 5.1 (ii). Suppose finally that G(M/E) ∈
Sol and fix a group Gp ∈ Sylp(M/E). As G(M/E) 6∈ Nil and Nil is a saturated group
formation (in the sense of [34]), G0 is not included in the Frattini subgroup of G(M/E).
Hence, G(M/E) = G0H, for some maximal subgroup H of G(M/E). In view of Lemma
5.1 (ii), this means that G0 ∩ H = {1} and H ∼= G(M/E)/G0. In particular, H ∈ Nil,
which implies that Gp is normal in G(M/E). The centre Z(Gp) of Gp is characteristic in
Gp, so the obtained result shows that Z(Gp) is normal in G(M/E). As G0 ∩Z(Gp) 6= {1}
(see [21, Ch. I, Sect. 6]), the minimality of G0 implies that G0 ⊆ Z(Gp). It is now easily
seen that the group Hp = Gp ∩H is normal in G(M/E). Since Hp ∩ G0 = {1}, Lemma
5.1 (i) yields Hp = {1}. Note finally that if G0 6⊆ [G(M/E), G(M/E)], then G0 must be a
direct summand in G(M/E). This, however, means that G(M/E) ∼= G0 × G(M/E)/G0,
which contradicts the assumption that G(M/E) 6∈ Nil, and so proves Lemma 5.1 (iii).
Lemma 5.2. Let Φ, L and M be fields, such that L,M ∈ Gal(Φ), and let p ∈ P
be a divisor of [M :L ∩M ]. Suppose that Rp and Yp are the fixed fields of some groups
H˜p ∈ Sylp(L/L∩M) and Hp ∈ Sylp(M/L∩M), respectively, and δp 6= 0 be an element of
Ker(Yp/L ∩M). Then ρYp/(RpYp)(δp) 6∈ Im(Rp/RpYp).
Proof. It is easily verified that [RpYp:L ∩M ] = [Rp:L ∩M ][Yp:L ∩M ]. This implies
that p 6 |[RpYp: Yp], whence ρYp/(RpYp)(δp): = δ¯p 6= 0. Also, it follows that Cor(RpYp)/Rp(δ¯p)
= ρ(L∩M)/Rp(CorEp/(L∩M)(δp)) = 0. On the other hand, if δ¯p = ρRp/(RpYp)(δ˜p), for some
δ˜p ∈ Br(Rp), then the RC-formula yields Cor(RpYp)/Rp(δ¯p) = δ˜mpp 6= 0, where mp =
[Yp:L ∩M ]. The obtained contradiction proves our assertion.
Let E be a field and M ∈ Gal(E). Before stating our next lemma, we denote by
N(M/E)cyc the intersection of the norm groups of cyclic extensions of E in M . By
Proposition 4.1, N(M/E)cyc = {c ∈ E∗: Br(Λ(M/E; c)/E) = {0}}.
Lemma 5.3. Assume that E, M and χ satisfy the conditions of Lemma 5.1, put
M0 =M ∩Eχ, take a divisor p ∈ P of [M :M0], and suppose that Hp ∈ Sylp(M/M0), Yp is
the fixed field of Hp, and c is an element of E
∗\N(M/Yp)cyc. Let also M1, . . . ,Ms be fields
lying in Gal(E), for some s ∈ N, and let Ω, Λ1, . . . ,Λs and Λ be extensions of E associated
with M1, . . . ,Ms as in Proposition 4.6. Then c 6∈ N(MΛ/YpΛ)cyc in the following cases:
(i) (M1 . . .Ms) ∩M ⊆M0 and χ 6= Nil;
(ii) Mi ⊆ ENil and Λi = Λ(Mi/E; ci), for some ci ∈ E∗, and i = 1, . . . , s;
(iii) For each index j, Λj is of type (ii) (in the sense of Proposition 4.6) and
Br(MjΛj/Mj) ⊆ KerMj/Lj , where Lj ∈ Gal(E) is chosen so that Lj ⊆ Mj ⊆ Lj(pj), for
some pj ∈ P . In this case, Br(YpΛ/Yp) = {0}.
Proof. Arguing as in the concluding part of the proof of Proposition 4.6, one reduces
our considerations to the case of s = 1. As E, M and χ satisfy the conditions of Lemma
5.1, we have M ⊆ M1 or M ∩M1 ⊆ M0. Our first objective is to prove Lemma 5.3 (iii).
Observe that ifM ⊆M1 ⊆ L1(pj), then Br(YpΛ/Yp) = {0}. Indeed, it follows from Galois
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theory and the assumptions on M/E that M ⊆ L1 except, possibly, in the case of χ = Nil
and p1 = p. When χ = Nil and p1 = p, we have Yp = M0 ⊆ L1. It is therefore clear from
Lemma 4.2 that Br(YpΛ/Yp) = {0}, as required. The same assertion is implied in the case
of L1 ∩M 6= M by Proposition 4.6, since then CorL1/(L1∩M) is injective and L1 ∩M ⊆
M0 ⊂ Yp. Hence, by Galois theory and [27, Sect. 15.1, Proposition b], c 6∈ N(MΛ/YpΛ)cyc,
so Lemma 5.3 (iii) is proved. Assume now that M ∩M1 ⊆ M0, H˜p ∈ Sylp(M0M1/M0)
and Rp is the fixed field of H˜p. It follows from (4.1) and Proposition 4.1 that if χ 6= Nil,
then Br(RpYpΛ/RpYp) is the image of Br(RpΛ/Rp) under ρRp/(RpYp). When χ = Nil,
M1 . . .Ms ⊆ M0, which enables one to obtain similarly that Br(KpΛ/Kp) ∩ Br(Kp)p is
the image of Br(Λ/E) ∩ Br(E)p under ρE/Kp , for Kp = Rp, RpYp. On the other hand,
Lemma 5.1 and Galois theory show that Lemma 3.6 applies to (M/E, p), if χ = Nil, and
to (M/M0, p), otherwise. In view of Lemma 5.2, these observations prove Lemma 5.3.
Let now E0 be an arbitrary field, T0 a subgroup of Br(E0) and RFin a system of
representatives of the isomorphism classes of finite groups. Replacing, if necessary, E0
by its rational extensions of sufficiently large tr-degree, one easily reduces (e.g., from [27,
Sect. 19.6]) our considerations to the special case where T is a divisible hull of T0. Note
further that E0 has a regular PQL-extension E
′
0, such that Br(E
′
0/E0) = {0} and Br(E′0)
is divisible (apply [10, Lemma 1.4], proved on the basis of (2.2)), so one may assume for
the proof that T0 = T . It is known [39] that each profinite group G is (continuously)
isomorphic to G(L(G)/K(G)), for some rational extension L(G)/E of countable tr-degree
and a suitably chosen K(G) ∈ I(L(G)/E). Since Br(L(G)/E) = Br(K(G)/E) = {0}, this
applied to the case in which G is a topological product of the groups in RFin, allows us
to assume for the proof of Theorem 1.2 that all G ∈ Fin are realizable as Galois groups
over E0. It follows from the choice of E0 that it has Galois extensions Σ0,1 and Σ0,2 in
E0,sep, such that Σ0,1 ∩ Σ0,2 = E and each G ∈ Fin is isomorphic to G(Yj/E), where
Yj ∈ Gal(E) and Yj ⊆ Σ0,j, for j = 1, 2. Our objective is to prove the existence of a
quasilocal extension E/E0 with the properties required by Theorem 1.2. The field E will
be obtained as a union ∪∞n=1En of an inductively defined tower of regular extensions of E0.
Suppose that the field Ek has already been defined, for some integer k ≥ 0, and denote by
Tk the image of T0 = T under ρE0/Ek . As Tk is divisible, it is a direct summand in Br(Ek),
i.e. Br(Ek) possesses a subgroup T
′
k, such that T
′
k+Tk = Br(Ek) and T
′
k∩Tk = {0}. Hence,
by [14, Theorem 1], there is an extension Λk of Ek, such that Br(Λk/Ek) = T
′
k and Λk
is presentable as ⊗˜Ek of function fields of Brauer-Severi Ek-varieties; in particular Λk/Ek
is regular. Identifying Ek,sep with its Ek-isomorphic copy in Λk,sep, put Σk,j = Σ0,jΛk,
for j = 1, 2. The regularity of Λk/Ek ensures that Ek is algebraically closed in Λk, so it
follows from Galois theory that Σk,1/Λk and Σk,2/Λk have the same properties as Σ0,1/E0
and Σ0,2/E0. Denote by Zk the extension of Λk defined as follows:
(5.1) (α) If χ = Nil, then Zk = Σk,1 ∩Λk,χ′ in case χ′ 6= Nil, and Zk = Λk, otherwise.
(β) If χ 6= Nil, then Zk = Λk,χ(Σk,1∩Λk,χ′) in case χ′ 6= χ, and Zk = Λk,χ, otherwise.
Let now Mk ∈ Gal(Λk) and W (Mk) be a tensor compositum over Mk of function
fields of Brauer-SeveriMk-varieties, such that Br(W (Mk)/ Mk) = Ker(Mk/Λk). Denote by
W (Mk/Λk) theMk/Λk-transfer ofW (Mk) and putW (Mk)
′ =MkW (Mk/Λk). It is known
that Br(W (Mk)
′/ Mk) = Br(W (Mk)/Mk), and by Lemma 4.2, Br(W (Mk/Λk)/Λk) = {0}.
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Denote by Wk the tensor compositum over Λk of the fields W (Mk/Λk), taken over all
Mk ∈ Gal(Λk), Mk ⊆ Zk. It is easily obtained from Galois theory and case (ii) of
Proposition 4.6 that Λk is algebraically closed in Wk and Br(Wk/Λk) = {0}. For each
p ∈ P , let Q(Wk)p be the set of all pairs W˜k,p = (W ′k,W ′k,p) ∈ Gal(Wk) × Gal(Wk), for
which W ′k,p ∈ I(W ′k/W ′k). Replacing Ker(CorMk/Λk) by Ker(CorW ′k,p/W ′k) ∩ Br(W ′k,p)p,
attach to each W˜k,p ∈ Q(Wk)p a field extension W (W˜k,p)/W ′k,p in the same way as
W (Mk)/Mk is associated with (Λk,Mk), and let W (W˜k,p; W
′
k,p/Wk) be the W
′
k,p/Wk-
transfer of W (W˜k,p). Consider the tensor compositum Θk over Wk of the fields W (W˜k,p;
W ′k,p/Wk): p ∈ P , W˜k,p ∈ Q(Wk)p. By Proposition 4.6 (ii), Wk is algebraically closed in
Θk and Br(Θk/Wk) = {0}. Observing further that Sol equals the intersection of abelian
closed group classes, and applying Lemmas 2.2 and 5.3, one obtains the following result:
(5.2) If E′k/Ek and χ˜ satisfy the conditions of Lemma 5.1, then Jk∩N(E′k/(E′k∩Ek,χ˜))
coincides with Jk ∩N(E′kΘk/(E′k ∩ Ek,χ˜)Θk) in the following cases:
(i) χ˜ = χ′ ∪ Sol, G(E′k/(E′k ∩ Ek,χ′)) 6∈ Sol and Jk = E′k ∩Ek,χ′ .
(ii) χ˜ = χ ∪ Sol, G(E′k/Ek) ∈ χ′, Jk = E′k ∩Ek,χ, G(E′k/Jk) 6∈ Sol and E′k ⊂ Σ0,2Ek.
(iii) χ˜ = χ = Nil, G(E′k/Ek) ∈ Sol, Jk = Ek, and in the case of χ′ 6= χ, E′k ⊂ Σ0,2Ek.
Putting Θ˜k = Θk and Ek+1 = Θk in the cases of χ
′ = Fin and χ = Fin, respectively, we
continue the presentation of the inductive step in our construction with the definition of the
extension Θ˜k/Θk in the case where χ
′ 6= Fin. Let Un(Θk) = {Θ′k ∈ Gal(Θk): G(Θ′k/(Θ′k ∩
Θk,χ′)) 6∈ Sol}, and let Ωk/Θk be a rational extension with a tr-basis X = {XΘ′
k
: Θ′k ∈
Un(Θk)}. Using notation as in Proposition 4.1, put Λ˜Θ′
k
= Λ((Θ′′kΩk)/Ωk;XΘ′k), for each
Θ′k ∈ Un(Θk), where Θ′′k = Θ′k ∩ (Θk,χ′Θk,Sol). Denote by Θ˜k the tensor compositum
over Ωk of the fields Λ˜Θ′
k
, Θ′k ∈ Un(Θk). It is not difficult to see that Θk and Ωk are
algebraically closed in Θ˜k. At the same time, one observes that XΘ′
k
6∈ N(OkΩk/FkΩk),
for any finite extension Ok of Θk in Θk,sep and any Fk ∈ I(Ok/Θk). Thus it follows that
the conditions of Lemma 5.3 are fulfilled by Θ′kΩk/Θ
′′
kΩk, XΘ˜′
k
and any p ∈ P dividing
[Θ′k: Θ
′′
k ]. Identifying Θk,sep with its Θk-isomorphic copy in Θ˜k,sep, one deduces from
Proposition 4.1 and Lemmas 3.6, 5.3 and 2.2 that Br(∇kΘ˜k/∇k) = {0}, for every finite
extension ∇k of Θk in Θk,sep, and also, that XΘ′
k
∈ N(Θ′′kΘ˜k/Θ˜k) \N(Θ′kΘ˜k/Θ′′kΘ˜k), for
each Θ′k ∈ Un(Θk). Hence, by Lemma 2.2, XΘ′k 6∈ N(Θ′kΘ˜k/Θ˜k), Θ′k ∈ Un(Θk).
Assuming that ∆k = Θ˜k, if χ
′ = χ or χ′ ⊆ Sol, we give the definition of ∆k under
the hypothesis that χ 6= χ′ 6= Sol. Then χ′ is abelian closed and Sol ⊂ χ′. Let Z(Θ˜k) =
Θ˜kΣk,2, Un(Θ˜k)
′ = {Θ˜′k ∈ Gal(Θ˜k): Θ˜′k ⊆ Z(Θ˜k), G(Θ˜′k/(Θ˜′k ∩ Θ˜k,χ)) 6∈ Sol}, Θ˜′′k =
Θ˜′k ∩ (Θ˜k,χΘ˜k,Sol), for each Θ˜′k ∈ Un(Θ˜k)′, and let Ω˜k/Θ˜k be a rational extension with a
tr-basis X˜ = {X˜
Θ˜′
k
: Θ˜′k ∈ Un(Θ˜k)′}. We define ∆k to be the tensor compositum over Ω˜k
of the fields Λ˜
Θ˜′
k
= Λ((Θ˜′′kΩ˜k)/Ω˜k;XΘ˜′
k
), Θ˜′k ∈ Un(Θ˜k)′). It is easily seen that Θ˜k and Ω˜k
are algebraically closed in ∆k. Note also that XΘ˜′
k
6∈ N(O˜kΩ˜k/F˜kΩ˜k) in case O˜k/Θ˜k is
a finite extension and F˜k ∈ I(O˜k/Θ˜k). Hence, Lemma 5.3 applies to Θ˜′kΩ˜k/Θ˜′′kΩ˜k, XΘ˜′
k
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and any p ∈ P dividing [Θ˜′k: Θ˜′′k]. Identifying Θ˜k,sep and Ω˜k,sep with their isomorphic
copies in ∆k,sep (over Θ˜k and Ω˜k, respectively), one deduces from Proposition 4.1 that
Br(∇˜k∆k/∇˜kΩ˜k) = {0} (and Br(∇˜k∆k/∇˜k) = {0}), for each finite extension ∇˜k of Θ˜k in
Θ˜k,sep. Using Galois theory and Lemmas 3.6, 5.3 and 2.2, one also proves the following:
(5.3) (i) XΘ′
k
∈ N(Θ′′k∆k/∆k) \N(Θ′k∆k/Θ′′k∆k), Θ′k ∈ Un(Θk);
(ii) X˜
Θ˜′
k
∈ N(Θ˜′′k∆k/∆k) \N(Θ˜′k∆k/Θ˜′′k∆k), Θ˜′k ∈ Un(Θ˜k)′.
We are now in a position to finish the construction of Ek+1 and to show that the field
E = ∪∞n=1En is quasilocal and has the properties required by Theorem 1.2 (i) and (ii). Let
Ek+1 = ∆k, provided that χ 6= Nil, and suppose further that χ = Nil. Denote by Z(∆k)′
the field ∆k,Sol, if χ
′ = Nil, and put Z(∆k)′ = (∆kΣk,2)∩∆k,Sol, otherwise. Fix a rational
field extension Ω̂k/∆k with a tr-basis X̂ = {X̂∆′
k
}, indexed by all ∆′k ∈ I(Z(∆k)′/∆k), for
which ∆′k/∆k satisfies the conditions of Lemma 5.1. Taking as Ek+1 the tensor compositum
over Ω̂k of the fields Λ((∆
′
k ∩∆k,Nil).Ω̂k/Ω̂k; X̂∆′k), X̂∆′k ∈ X̂, we finish the construction
of E. It is easily verified that En+1/En and E/En are regular, and that En, Λn, Wn, Θn,
Θ˜n and ∆n are algebraically closed in En+1 and E, for all n ∈ N. Hence, by Galois theory
and the observation preceding statement (5.1), E has the following property:
(5.4) For each G ∈ Fin and j = 1, 2, there exists Mj(G) ∈ Gal(E)∩ I(Σ0,jE/E), such
that G(Mj(G)/E) ∼= G.
Note also that ρEn/En+1 maps Tn bijectively upon Tn+1, for every n ∈ N, and each L ∈
Gal(E) has a subfield Lk ∈ Gal(Λk), such that G(Lk/Λk) ∼= G(L/E), for some k ∈ N.
When Lk ⊆ Zk, this implies that LkΛn ⊆ Zn and Ker(Cor(LkΛn)/Λn) ⊆ Br(LkEn/LkΛn),
for n > k. Therefore, ρE0/E maps T0 = T isomorphically on Br(E), and whenever L ∈
Gal(E) and L ⊆ ∪∞n=1Zn: = Z∞, CorL/E is injective. Similarly, it follows from Galois
theory and the established properties of En, Λn, Θn and En+1 that if E
′ and E′p lie in
Gal(E) and E′ ⊆ E′p ⊆ E′(p), for some p ∈ P , then Br(E′p)p ∩ Ker(CorE′p/E′) = {0}. As
Br(E) is divisible, these observations show that E satisfies condition (c) of Proposition
3.4, for Ω = Esep and each p ∈ P . Thus it turns out that E is quasilocal and nonreal.
Applying now Corollary 3.5, one also concludes that ρE/R is surjective, for every finite
extension R of E in Z∞. Since, by (5.1), Eχ ⊆ Z∞ in case χ 6= Nil, the obtained results,
combined with (1.1) (ii) and Theorem 1.1 (i), prove Theorem 1.2 (i) and (ii).
It remains to be seen that E has the properties required by Theorem 1.2 (iii) and
(iv). Our argument goes along similar lines to those drawn in the proof of Theorem 1.2
(i) and (ii), so we present it omitting details. Let M be a field lying in Gal(E). Suppose
first that G(M/(M ∩ Eχ′)) 6∈ Sol. Then M = MκE, for some κ ∈ N, Mk ∈ Un(Θκ).
Since Θκ is algebraically closed in E, this implies that G(Mκ/Θκ) ∼= G(M/E). Let Lκ
be a minimal subfield of Mκ lying in Un(Θk). Then it follows from the definition of
E, (5.3) (i) and (5.2) (i) that XLκ lies in N(L ∩ (Eχ′ESol)/E) \ N(L/L ∩ (Eχ′ESol)),
where L = LκE. Hence, by Lemma 2.2, XLκ 6∈ N(L/E). As N(M/E) ⊆ N(L/E) and,
by Lemma 3.2, N(L ∩ (Eχ′ESol)/E) = N(L/E)N(M ∩ (Eχ′ESol)/E), this implies that
N(M/E) 6= N(M ∩ (Eχ′ESol)/E). When χ′ 6= Nil, the obtained result proves Theorem
1.2 (iii), since then ESol ⊆ Eχ′ . Similarly, one gets from (5.3) (ii) and (5.2) (ii) that
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N(M/E) 6= N(M ∩ (EχESol)/E) also in case G(M/E) ∈ χ′, G(M/(M ∩ Eχ)) 6∈ Sol and
M ⊆ Σ0,2E. Assume now that χ = Nil, put Z(E)′ = ∪n=1Z(∆n)′, and suppose that
M ⊆ Z(E)′ and the pair (M/E, χ) is chosen as in Lemma 5.1. Then G(M/E) ∈ Sol and
our construction of E guarantees that N(M/E) 6= N(M/E)Nil. As each M ′ ∈ Gal(E),
with G(M ′/E) 6∈ Nil and M ′ ⊂ Z(E)′, possesses a subfield satisfying the conditions of
Lemma 5.1 with respect to E, this enables one to deduce from (1.1) (ii) and Theorem 1.1
(ii) that N(M ′/E) 6= N(M ′/E)Ab. Thus Theorem 1.2 (iii) is proved. For the proof of
Theorem 1.2 (iv), drop the assumption that χ = Nil, let χ′ 6= χ and take fields M1(G) and
M2(G) as in (5.4), for an arbitrary G ∈ χ′ \χ. As shown in the process of proving Theorem
1.2 (i)-(ii), then Σ0,1E∩Eχ′ ⊆ Z∞ and N(M1(G)/E) = N(M1(G)/E)Ab. On the contrary,
Theorem 1.2 (ii), the proof of Theorem 1.2 (iii) and the inclusion Ab ⊂ χ indicate that
N(M2(G)/E) 6= N(M2(G)/E)χ = N(M2(G)/E)Ab, so Theorem 1.2 is proved.
Remark 5.4. With assumptions being as in Theorem 1.2, suppose that E0 is infinite
of cardinality d ≥ max{dp: p ∈ P}, where dp is the dimension of the subgroup {tp ∈
T : ptp = 0} ⊆ T as a vector space over Fp, for each p ∈ P . Analyzing the proofs of (4.3)
(iv) and Theorem 1.2, one concludes that our construction of the quasilocal field E can be
specified so that d equals the cardinality of E as well as the ranks of G(E(p)/E) and of any
Sylow pro-p-subgroup Gp of GE as pro-p-groups, for each p ∈ P . Applying [7, II, Lemma
3.3], one also sees that whenever E/E0, T and χ = Fin are related as in Theorem 1.2, dp
equals the dimension of the (continuous) cohomology group H2(Gp,Fp) as an Fp-vector
space. Moreover, by the same lemma, then the dimension of H2(G(E(p)/E),Fp) is equal
to dp or zero, depending on whether or not E0 contains a primitive p-th root of unity.
6. Topological interpretation of Theorem 1.2
and applications to Brauer groups of fields
Let E be a field, char(E) = q ≥ 0, D(E) and R(E) the divisible and the reduced
parts of E∗, respectively. For each (nonempty group) formation Ψ ⊆ Fin, put NΨ(E) =
∩M∈Gal(E)N(M/E)Ψ. It is easily obtained that E∗/NΨ(E) can be canonically viewed as
a topological group (totally disconnected, see [28, Theorem 9]). Specifically, NΨ(E) =
D(E), if E is perfect and quasilocal, Br(E)p 6= {0}, for every p ∈ (Π(E) \ {q}), and
Met ∩ FinΠ(E) ⊆ Ψ, where FinΠ(E) is the class of all G ∈ Fin of orders not divisible by
any p ∈ P \ Π(E) (see [7, II, Sect. 2]). With the same assumptions on E, the equality
NΨ(E) = D(E) holds also when P (E) \ {q} = Π(E) \ {q} and Ab ∩ FinΠ(E) ⊆ Ψ. Hence,
by the isomorphism R(E) ∼= E∗/D(E), Ψ induces on R(E) a structure TΨ of a topological
group. Let Ψ1 be another formation of this kind. It follows from Lemma 3.2 that the
topologies TΨ and TΨ1 are equivalent (TΨ ∼ TΨ1) if and only if N(M/E) = N(M/E)(Ψ∩Ψ1)
when M ∈ Gal(E) and M ⊆ (EΨ ∪EΨ1). Clearly, this occurs if and only if TΨ ∼ T(Ψ∩Ψ1)
and TΨ1 ∼ T(Ψ∩Ψ1), so solving the equivalence problem for TΨ and TΨ1 reduces to the case
in which Ψ ⊂ Ψ1. Consider now the set Ωac of all pairs (χ, χ′) of distinct subclasses of
Fin satisfying the conditions of Theorem 1.2. A binary sequence a¯ = ai,j: (i, j) ∈ Ωac,
is called multiplicative, if ak,lal,m = ak,m for every (k, l) and (l,m) lying in Ωac. When
P (E) \ {q} = Π(E) \ {q}, such a sequence a¯(E) can be canonically attached to E, putting
ai,j(E) = 1, if Ti ∼ Tj , and ai,j(E) = 0, otherwise. By Theorem 1.1 (i), ai,j(E) = 1,
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for all (i, j) ∈ Ωac, provided that ρE/M is surjective, for each M ∈ Gal(E). This applies
to the presently known, and conjecturally, to all perfect fields with LCFT in the sense
of Neukirch-Perlis (see [8, Proposition 3.3 and Remark 3.4 (ii)]). Conversely, when a¯ is
multiplicative and T is a divisible abelian torsion group, one obtains by modifying the
proof of Theorem 1.2 that there exists a quasilocal perfect field F , such that:
(6.1) (i) Br(F ) ∼= T and all G ∈ Fin are realizable as Galois groups over F ; in
particular, Π(F ) = P (F ) = P .
(ii) a¯ = a¯(F ) and ρFi/M(i) is surjective when ai,j = 1 and M(i) ∈ Gal(Fi) ∩ I(Fj/E).
The groups D(E) and R(E) are related with group formations as above, also if E is SQL
and almost perfect (in the sense of [7]).
Remark 6.1. Let Rsim be a system of representatives of the isomorphism classes of
finite simple groups, Σsim = {S ⊆ Rsim: Ab ∩ Rsim ⊆ S}, and for each S ∈ Σsim, let S˜
be the class of those G ∈ Fin, whose simple quotients are isomorphic to groups from S.
It follows from the Jordan-Ho¨lder theorem that the correspondence S → S˜: S ∈ Σsim, is
injective and maps Σsim into the set of abelian closed classes.
Now we turn our attention to the Brauer groups of the basic types of PQL-fields. First
we present two results which substantially generalize Theorem 1.2 (i) and (ii). They also
complement Theorem 1.1 (i), [8, Corollary 6.2] and an observation made by M. Auslander
(see [31, Ch. II, Sect. 3.1]) about the class of fields with trivial Brauer groups.
Proposition 6.2. Let E0 be a field, L0 a Galois extension of E0 in E0,sep, S a
nonempty set of profinite groups, and let T and T0 satisfy the conditions of Theorem 1.2.
Then there exists a regular field extension E/E0 with the following properties:
(i) E is quasilocal, Br(E) ∼= T , ρE0/E maps T0 injectively into Br(E), and all G ∈ S
are realizable as Galois groups over E;
(ii) A finite extension R of E in Esep lies in I(L0E/E) if and only if ρE/R is surjective;
when R 6∈ I(L0E/E) and p ∈ P does not divide [R˜: (R ∩ L0E)], where R˜ ⊆ Esep is the
normal closure of R over E, Br(R)p properly includes the image of Br(E)p under ρE/R.
Proof. The existence of E is proved constructively, and in this respect, our proof is
very similar to the one of Theorem 1.2 (i) and (ii), in the special case where χ = Fin. In
the first place, it becomes clear that one may additionally assume that T0 = T , all G ∈ S
are realizable as Galois groups over E0, and each H ∈ Ab has an isomorphic copy sH ∈ S.
In this setting, E is obtained as a union ∪∞n=0Λn = ∪∞n=0Wn = ∪∞n=0Θn = ∪∞n=0En of
inductively defined field towers, such that En ⊆ Λn ⊆ Wn ⊆ Θn ⊆ En+1, for every index
n. The extensions Λn/En and Θn/Wn are defined in exactly the same way as in the proof
of Theorem 1.2 (whence they are regular), En+1/Θn are rational of tr-degree 2, and Wn is
⊗˜Λn of the fields W (Mn/Λn), where Mn runs across Gal(Λn)∩ I(L0Λn/Λn). This ensures
that E has the properties required by Proposition 6.2 (i) as well as the surjectivity of
ρE/R, for every finite extension R of E in L0E. In particular, the regularity of E/E0 and
the additional conditions satisfied by E0 and S enable one to deduce from Galois theory
that C(Φ(pi)/Φ) contains infinitely many elements of order pi, for each Φ ∈ I(E/E0) and
pi ∈ P . It remains for us to prove the latter assertion of Proposition 6.2 (ii), so we assume
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further that E, R and R˜ satisfy its conditions. Fix some p ∈ P not dividing [R˜:V ],
where V = R ∩ L0E, put Un = U ∩ Θn,sep, for each index n and U ∈ I(R˜/E), and
define Imp(V/R) and Kerp(R/V ) in accordance with the proof of Corollary 3.5. Using the
RC-formula and Proposition 2.3 (ii), one obtains that it suffices to establish the inequality
Imp(V/R) 6= Br(R)p under the extra hypothesis that I(R/E)\{R} ⊆ I(L0E/E). It follows
from Proposition 2.3 (ii) and the choice of p that Br(R)p ∼= Imp(V/R)⊕ Kerp(R/V ) (see
also [27, Sect. 13.4]), so our assertion is equivalent to the one that Kerp(R/V ) 6= {0}.
Clearly, R˜ = R˜kE, for some integer k ≥ 0 and R˜k ∈ Gal(Θk). As E/Θk is regular,
G(R˜k/Θk) and G(R˜/E) are canonically isomorphic, and for convenience, they will be
further identified. Fix a tr-basis Xk, Yk of Ek+1/Θk and a primitive element ϕk of R˜k/Θk.
Observe that Esep contains as a subfield a cyclic extension Θ
′
k of Θk(Yk) of degree p, such
that Θ′k ∩ R˜k(Yk) = Θk(Yk). This can be easily deduced from Galois theory and the fact
that the maximal subgroup of C(Θk(Yk)(p)/Θk(Yk)) of exponent p is infinite. Regarding
now the groups R˜k(Xk)/R˜k(Xk)
∗p and pBr(R˜kEk+1) as modules over the group algebra
Fp[G(R˜/E)], and considering the images of the element Xk − ϕk under the action of
G(R˜/E), one obtains without difficulty that Fp[G(R˜/E)] is Fp-isomorphic to submodules
of R˜k(Xk)/R˜k(Xk)
∗p and pBr(R˜kEk+1). Let [R:V ] = r and {ξj: j = 1, . . . , r} be a
system of representatives of the right co-sets of G(R˜/R) in G(R˜/V ). The embeddability
of Fp[G(R˜/E)] in pBr(R˜kEk+1) indicates that pBr(R˜kEk+1) contains an element δ, such
that [
∑r
j=1(ξj − 1)]δ lies in Ker(R˜kEk+1/VkEk+1) \Ker(R˜kEk+1/RkEk+1). This implies
that Kerp(RkEk+1/VkEk+1) 6= {0}. At the same time, it follows from Galois theory and
the regularity of E/Θk that Un = UkΘn, Vn = R ∩ L0Θn and G(R˜n/Θn) ∼= G(R˜/E), for
n ≥ k and U ∈ I(R˜/E). Hence, by Proposition 4.6 (i), the extra hypothesis on R and
the noted properties of the construction of E, Br(Rn)p∩Br(Rn+1/Rn) ⊆ Imp(Vn/Rn), for
every index n ≥ k. In view of the RC-formula and the choice of p, these observations show
that ρRk/R maps Kerp(Rk/Vk) injectively into Kerp(R/V ). In particular, it turns out that
Kerp(R/V ) 6= {0}, so Proposition 6.2 is proved.
Our next result, applied to the formation Ψ of supersolvable groups W ∈ Fin, and to
a set S of profinite groups containing an isomorphic copy of the symmetric group Sym4,
proves the existence of a quasilocal field E, such that Sym4 is realizable as a Galois group
over E, and each M ∈ Gal(E) with G(M/E) ∼= Sym4 satisfies both the condition of
Corollary 3.10 and the one that ρE/Φ is not surjective, for any Φ ∈ Gal(E) including M .
This indicates that the assertions of Theorem 1.2 (i), (ii) and (iv) cannot simultaneously
be true, if χ and χ′ are replaced by Ψ and Sol, respectively.
Proposition 6.3. Let T and S satisfy the conditions of Proposition 6.2, and let
Ψ ⊆ Fin be a formation. Then there exists a quasilocal field E, such that Br(E) ∼= T ,
every G ∈ S is realizable as a Galois group over E, and a finite extension R of E in Esep
lies in I(EΨ/E) if and only if ρE/R is surjective.
Proof. The field E can be obtained as an extension of an arbitrary fixed field E0,
which is a union E = ∪∞n=0En of an inductively defined tower, such that En/En−1 has the
properties required by Proposition 6.2 with respect to En−1,Ψ, for each n ∈ N.
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Proposition 2.3 (ii) and the following result, combined with [15, Theorem 23.1], de-
scribe the isomorphism classes of Brauer groups of PQL-fields.
Proposition 6.4. Let E0 be a formally real field, Odd ⊂ Fin the class of groups of odd
orders, Ψ ⊆ Odd a formation, and T an abelian torsion group, such that the p-components
Tp: p ∈ P \ {2}, are divisible, and T2 of order 2. Suppose also that T0 is a subgroup of
Br(E0) embeddable in T and with T0,2 = {0}. Then there exists a field extension E/E0
with the following properties:
(i) E is formally real and PQL, E0(2) contains as a subfield the algebraic closure of
E0 in E, Br(E) ∼= T and T0 ∩ Br(E/E0) = {0};
(ii) Finite extensions of E in EOdd are p-quasilocal, for every p ∈ P \ {2}, and all
G ∈ Odd are realizable as Galois groups over E;
(iii) A finite extension R of E in EOdd is included in EΨ if and only if Br(R)p ⊆
Im(E/R), for every p ∈ P \ {2}; if R 6∈ I(EΨ/E), then Br(R)p′ ∩ Im(E/R) 6= Br(R)p′, for
any p′ ∈ P \ {2}, p′ 6 |[R:EΨ ∩R].
Proof. We obtain E as a union ∪∞n=1En of a field tower defined inductively as in the
proof of Proposition 6.3. Omitting the details, note that E is constructed by considering
Odd, P \ {2} and the sums of the subgroups T0,p: p > 2, Br(En)p: p > 2, instead of Fin,
P , T0 and Br(En), respectively, extending at the end of the inductive step the obtained
field by a real closure in its maximal 2-extension. The correctness of the construction is
proved essentially as in the proof of Proposition 6.2; the Artin-Schreier theory ensures that
En, n ∈ N, and E are formally real, since the function field of each of the Brauer-Severi
varieties V used for constructing E embeds over the field of definition Φ(V ) of V into a
field R(V ) that is rational over some extension Φ′(V ) of Φ(V ) of odd degree.
Remark 6.5. In the setting of Proposition 6.4, when Ψ = {1}, the proof of Theorem
1.2 enables one to modify the construction of E so as to satisfy the inequality N(M/E) 6=
N(M/E)Ab, for each M ∈ Gal(E) with G(M/E) ∈ Odd \Nil.
Our next result complements [8, Theorems 1.2, 1.3 and Proposition 3.6] as follows:
Corollary 6.6. Let T satisfy the condition of some of Propositions 6.3 or 6.4, Ψ = Fin
in the former case, Ψ = Odd in the latter one, and let Sup(T ) = {p ∈ P : Tp 6= {0}}.
Then there is a strictly PQL-field F , such that Br(F ) ∼= T and every G ∈ Ψ, for which
the index |G: [G,G]| has no divisor p ∈ P \ Sup(T ), is realizable as a Galois group over F .
When T is divisible and Sup(T ) = P , F can be chosen from the class of SQL-fields.
Proof. Our latter conclusion follows at once from Theorem 1.2, and in case Sup(T ) =
P , the former one is contained in Theorem 1.2 and Proposition 6.4. Assume now that
Sup(T ) 6= P , put Sup(T ) = P \ Sup(T ), consider a field F0 with Br(F0) ∼= T , and let
T0 = {0} ⊂ Br(F0). Then one can take as F the union ∪n=0F ′n = ∪n=0F ′′n = ∪n=1Fn of
fields defined inductively so as to satisfy the following conditions, for each index n ≥ 0:
(6.2) (i) Br(F ′n) ∼= T and F ′n/Fn has the properties required by Theorem 1.2 or
Proposition 6.4. More precisely, ρF0/F ′n is an isomorphism and, for every p ∈ P \ {2} and
each finite extension Rn of F
′
n in F
′
n,Ψ, ρF ′n/Rn maps Br(F
′
n)p surjectively on Br(Rn)p.
(ii) F ′′n is the compositum of the fields F
′
n(p): p ∈ Sup(T ).
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(iii) Fn+1 = F
′′
n , if T is divisible, and Fn+1 is a real closure of F
′′
n in F
′′
n (2), otherwise.
When T and F0 have the properties required by Theorem 1.2 (i)-(ii), for χ = Fin, one may
use only a countable iteration of (6.2) (ii), with (Fn, Fn+1) instead of (F
′
n, F
′′
n ), for any n.
Corollary 6.7. Let E be a field and T an abelian torsion group with the properties
required by Theorem 1.2 (i), Proposition 6.4 or Corollary 6.6. Assume E has a Henselian
valuation v. Then the value group v(E) of (E, v) is divisible and every D ∈ d(E) is
defectless with respect to v.
Proof. Consider first a Henselian valued quasilocal field (F,w), such that w(F ) =
qw(F ), Br(F )q 6= {0}, char(F̂ ) = q > 0, and q ∈ Π(F̂ ), where F̂ is the residue field
of (F,w). By [20, Theorem 3.16], F and F̂ are nonreal fields. For each finite extension
L/F , denote by w(L) the value group, and by L̂ the residue field of L with respect to
its unique (up-to an equivalence) valuation wL extending w. It is well-known that w(F )
is a subgroup of w(L) of index |w(L):w(F )| ≤ [L:F ] (cf. [21, Ch. XII, Proposition
12]), and that w(L) is isomorphic to a totally ordered subgroup of w(F ). The equality
w(F ) = qw(F ) implies that q does not divide |w(L):w(F )|, and yields w(L) = qw(L) as
well. We show that L/F is defectless with respect to w (and wL), provided that L ⊂ Fsep.
The inequality cdq(GF̂ ) > 0 and [19, Theorem 2.8 (a)] guarantee the existence of an inertial
finite extension Φ/F , such that q 6 |[Φ:F ] and q ∈ P (Φ̂). At the same time, it is easily seen
that Br(Φ/F ) ∩ Br(F )q = {0} (cf. [27, Sect. 13.4]), whence the nontriviality of Br(F )q
is preserved by Br(Φ)q. Moreover, it follows from Ostrowski’s theorem (cf. [12]) that our
assertion holds if and only if finite extensions of Φ in Φsep are defectless with respect to vΦ,
so the preceding observations reduce its proof to the special case in which q ∈ P (F̂ ). Then
the quasilocal property of F and the nontriviality of Br(F )q imply that N(L1/F ) 6= F ∗, for
every inertial cyclic extension L1 of F in F (q). Hence, by the lifting property of w, applied
to a norm form of L1/F with coefficients in the valuation ring of (F,w), the assumption
on w(F ) ensures that N(L̂1/F̂ ) 6= F̂ ∗. In view of [27, Sect. 15.1, Proposition b] and [19,
Theorem 2.8 (a)], this proves the existence of an inertial F -algebra ∆q ∈ d(F ) of index q.
Observing that every extension of F embeddable in ∆q is inertial, one obtains from the
quasilocal property of F that there are no immediate cyclic extensions of F of degree q.
Since, by Witt’s theorem, Br(F )q is divisible, and by [42, Theorem 2] and Galois theory,
q ∈ P (R̂), for every finite extension R/F , this observation makes it easy to deduce the
claimed defectlessness of L/F (in case L ⊂ Fsep) from Ostrowski’s theorem and well-known
formulae about valuation prolongations. As shown in [36], the obtained result implies that
every ∆ ∈ d(F ) is defectless. When w(F ) is divisible, this means that ∆ is inertial over F .
Also, it follows from the Ostrowski-Draxl theorem [12], that our conclusions remain valid,
if (F, v) is a Henselian valued field, such that char(F̂ ) = 0. Thus the latter conclusion of
Corollary 6.7 turns out to be a consequence of the former one.
Our objective now is to establish the divisibility of v(E). In the first two cases, this
follows directly from the former assertion of [8, (2.3)]. In the third one, one obtains from
Galois theory that if E is nonreal, then simple groups Σ ∈ Fin\Ab are realizable as Galois
groups over E, so our assertion again is implied by the noted part of [8, (2.3)]. Assume
further that E is formally real, Br(E) ∼= T , Sup(T ) 6= P and E has the properties required
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by Corollary 6.6. By [20, Theorem 3.16], then the residue field Ê of (E, v) is formally real,
whence char(Ê) = 0. In addition, it is well-known that if G ∈ Fin, p ∈ P and ν is the
order of G, then G embeds in Aut(P (G)), where P (G) ∈ Ab is of exponent p and order pν .
When G 6∈ Ab and p 6 |ν, this implies that G has an irreducible representation over Fp of
dimension ≥ 2. Hence, by Galois theory and the assumptions on E, for each p ∈ P \ {2},
there exists Mp ∈ Gal(E) ∩ I(EOdd/E), such that p 6 |[Mp:E] and G(Mp(p)/Mp) is of
rank ≥ 2 as a pro-p-group (one may put Mp = E, if p ∈ Sup(T )). Let now vp be the
prolongation of v on Mp. By the proof of [8, (2.3)], then vp(Mp) = pvp(Mp) = 2vp(Mp)
(Mp is formally real), and since v(E) is a subgroup of vp(Mp) of index ≤ [Mp:E], this
means that v(E) = pv(E), p ∈ P , which completes our proof.
In conclusion, we use Theorem 1.2 (i) for describing, up-to an isomorphism, the abelian
torsion groups that can be realized as reduced parts of Brauer groups of absolutely stable
fields K possessing equicharacteristic Henselian valuations v, such that v(K) are totally
indivisible (i.e. with v(K) 6= pv(K), for every p ∈ P ). This enables one to construct
various new examples of Brauer groups that are not simply presentable (see [16, Lemma
1 and pages 492-493]). Before giving the description, note that the residue field K̂ is
quasilocal, and that a Henselian discrete valued field (L,w) is absolutely stable, provided
that L̂ is quasilocal and perfect (see [7, I, Proposition 2.3 and the beginning of Sect. 8]).
Proposition 6.8. An abelian torsion group Θ is isomorphic to a maximal reduced
subgroup of Br(K), for an absolutely stable field K = K(Θ) with a Henselian valuation v
such that char(K) = char(K̂) and v(K) is totally indivisible if and only if the p-component
Θp decomposes into a direct sum of cyclic groups of the same order p
np , for each p ∈ P .
Proof. The necessity of the conditions on Θ has been proved in [7, II, Sect. 3], so we
show here only their sufficiency. Let Θ˜ be a divisible hull of Θ, Π(Θ) = {p ∈ P : np > 0},
Q an algebraic closure of Q, and εn ∈ Q a primitive n-th root of unity, for each n ∈ N.
Denote by F0 the extension of Q generated by the set {εpnp : p ∈ Π(Θ)}∪{εpν , ν ∈ N: p ∈
P \ Π(Θ)}. Take an extension E/F0 in accordance with Theorem 1.2 so that Br(E) ∼= Θ˜,
and consider a Henselian discrete valued field (K(Θ), v) with a residue field F0-isomorphic
to E. By Scharlau’s generalization of Witt’s decomposition theorem [31], then Br(K(Θ))
∼= Br(E) ⊕ CE (see also [38, (3.10)]), so it follows from (2.5) that the reduced part of
Br(K(Θ)) is isomorphic to Θ. Thus Proposition 6.8 is proved.
Note finally that the groups Θ singled out by Proposition 6.8 are those realizable
as reduced parts of Brauer groups of Henselian discrete valued absolutely stable fields.
The sufficiency of the conditions on Θ is shown by the proof of Proposition 6.8, and their
necessity follows from [7, II, Lemma 3.2], [38, (3.10)] and the divisibility of Br(F )q and
C(F (q)/F ), for any field F of characteristic q 6= 0 (Witt, see [11, Sect. 15]). On the other
hand, each sequence {php : hp ∈ (N ∪ {∞}), p ∈ P} with h2 6=∞ and php : =∞, hp =∞,
equals the sequence {ep(K): p ∈ P} of exponents of reduced parts of Br(K)p, for some
Henselian discrete valued stable field (K, v) (see the reference at the end of [10, Sect. 3]).
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